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Numerical simulations of massively separated turbulent ﬂows.
George K. El Khoury 2010
Department of Marine Technology, NTNU
NO-7491 Trondheim, Norway.
Abstract
It is well known that most ﬂuid ﬂows observed in nature or encountered
in engineering applications are turbulent and involve separation. Fluid ﬂows
in turbines, diﬀusers and channels with sudden expansions are among the
widely observed areas where separation substantially alters the ﬂow ﬁeld and
gives rise to complex ﬂow dynamics. Such types of ﬂows are referred to as
internal ﬂows since they are conﬁned within solid surfaces and predominantly
involve the generation or utilization of mechanical power. However, there
is also a vast variety of engineering applications where the ﬂuid ﬂows past
solid structures, such as the ﬂow of air around an airplane or that of water
around a submarine. These are called external ﬂows and as in the former
case the downstream evolution of the ﬂow ﬁeld is crucially inﬂuenced by
separation.
The present doctoral thesis addresses both internal and external sepa-
rated ﬂows by means of direct numerical simulations of the incompressible
Navier-Stokes equations. For internal ﬂows, the wall-driven ﬂow in a one-
sided expansion channel and the pressure-driven ﬂow in a plane channel with
a single thin-plate obstruction have been studied in the fully developed tur-
bulent state. Since such geometrical conﬁgurations involve spatially devel-
oping turbulent ﬂows, proper inﬂow conditions are to be employed in order
to provide a realistic fully turbulent ﬂow at the input. For this purpose,
a newly developed technique has been used in order to mimic an inﬁnitely
long channel section upstream of the expansion and the obstruction, respec-
tively. With this approach, we are able to gather accurate mean ﬂow and
turbulence statistics throughout each ﬂow domain and to explore in detail
the instantaneous ﬂow topology in the separated shear layers, recirculation
regions as well as the recovery zones.
For external ﬂows, on the other hand, the ﬂow past a prolate spheroid
has been studied. Here, a wide range of Reynolds numbers is taken into
consideration. Based on the characteristics of the vortical structures in the
wake, the ﬂow past a prolate spheroid is classiﬁed as laminar (steady or
unsteady), transitional or turbulent. In each ﬂow regime, the characteristic
features of the ﬂow are investigated by means of detailed frequency analysis,
instantaneous vortex topology and three-dimensional ﬂow visualizations.
Descriptors: Direct numerical simulations, incompressible ﬂows, separa-
tion, turbulent inﬂow conditions, wall-bounded ﬂows, sudden expansion
ﬂows, obstructed ﬂows, bluﬀ body ﬂows, prolate spheroid.
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CHAPTER 1
Introduction
Fluid ﬂows comprise a wide variety of complex ﬂow phenomena which de-
pend on the geometrical conﬁguration of the problem as well as on the
Reynolds number of the ﬂow (Re). Based on the value of the latter non-
dimensional parameter, a ﬂuid motion can be classiﬁed as laminar or tur-
bulent. Laminar ﬂows exist at relatively low Reynolds numbers and, in this
case, the motion of the ﬂuid particles can be predictable and along observable
paths. However, it is well known that most ﬂuid ﬂows observed in nature
or encountered in engineering applications are turbulent. This is because
many gases and liquids have extremely low viscosity and, therefore, most
practical ﬂows are characterized by large values of the Reynolds number.
There is merely no formal deﬁnition of turbulence. According to many
researchers it is simply better to note that when the inertial forces are large
in comparison to viscous forces (low viscosity ν), the ﬂow develops a chaotic
random motion and is highly unpredictable. In this case, the ﬂow ﬁeld
is very sensitive to perturbations and ﬂuctuates wildly in time and space.
Additionally, it contains swirling ﬂow structures (eddies) with characteristic
length, velocity and time scales which are spread over broad ranges. The size
of the largest eddies in a turbulent ﬂow is determined by the characteristic
length scale of the mean ﬂow whereas for the smallest eddies, their size
depends on the Reynolds number. At high Reynolds numbers, there is a
wide range of eddy sizes. The largest eddies, which are generated directly
by shear in the mean ﬂow, contain most of the turbulent kinetic energy and
are unaﬀected by viscous stresses. However, due to inertial eﬀects these
large eddies break-down and transfer energy to smaller eddies that by its
turn spread the energy to yet smaller structures. This process continues
until a scale is reached at which the inertial forces become comparable to
the viscous stresses and the kinetic energy is dissipated by the latter into
heat.
1.1. Navier-Stokes equations
The spatial and temporal evolution of a viscous ﬂuid can be described by the
Navier-Stokes equations. These equations are derived by applying Newton’s
second law to a continuum, the principle of mass conservation and a consti-
tutive law which relates the shear stresses in a ﬂuid to the rate of deformation
of a ﬂuid element. In the present thesis, we consider a linear stress-strain
relation and thus the ﬂuid is Newtonian. Based on these assumptions and by
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2 1. INTRODUCTION
considering an incompressible isothermal ﬂuid, the Navier-Stokes equations
are expressed as :
∂ui
∂xi
= 0, (1.1)
∂ui
∂t
+ uj
∂ui
∂xj
= −1
ρ
∂p
∂xi
+ ν
∂2ui
∂xjxj
, i = 1, 2, 3 (1.2)
Here, ρ and ν are the density and the kinematic viscosity of the ﬂuid, re-
spectively. It is often convenient to work with a non-dimensional form of
the Navier-Stokes equations. By introducing representative scales for veloc-
ity, length, time and pressure, U , L, L/U and ρU2 (the velocity and length
scales have to be chosen appropriately to the ﬂow problem considered), a
non-dimensional form of the Navier-Stokes equations is obtained and a Rey-
nolds number can be deﬁned as:
Re =
UL
ν
≡ inertialforces
viscousforces
(1.3)
The Reynolds number can be interpreted as a measure of the inertial
forces divided by the viscous forces, and is by far one of the most important
non-dimensional numbers in ﬂuid mechanics.
1.2. Direct numerical simulation
Direct numerical simulation (DNS) is perhaps the most straightforward ap-
proach available to numerically solve the Navier-Stokes equations. It in-
volves no turbulence modelling and directly solves the equations of ﬂuid
motion capturing all eddies in the ﬂow ﬁeld ranging from the characteristic
length scale (L) right down to the Kolmogorov length scale (η) related to
the smallest eddies. The Kolmogorov scales represent the smallest turbulent
motions and are deﬁned as:
η ≡
(
ν3
ε
)1/4
(1.4)
τη ≡
(ν
ε
)1/2
(1.5)
uη ≡ (νε)1/4 (1.6)
for length, time and velocity, respectively. Here, ε denotes the turbulent
kinetic energy dissipation. By considering an inviscid estimate for the dis-
sipation rate; i.e. ε ∼ U3/L and the Reynolds number introduced in the
previous subsection, the following ratio between the smallest and largest
scales is obtained:
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1.2. DIRECT NUMERICAL SIMULATION 3
η
L
∼ Re−3/4 (1.7)
It is apparent from the above relation that the separation in scales in-
creases dramatically with the increase in the Reynolds number. In fact, the
number of grid points needed to perform a three-dimensional DNS is pro-
portional to Re9/4. By taking into consideration the total increase in the
number of time steps associated with the increase in Re (L/Uτη ∼ Re1/2) ,
it can be concluded that the computational cost in DNS roughly grows by
Re3. With such high computational costs, DNS is mainly used as a research
tool to study moderately low Reynolds number ﬂows.
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CHAPTER 2
Inﬂow conditions
The generation of realistic dynamic inﬂow conditions for spatially developing
turbulent ﬂows is among the most fundamental issues in direct numerical
simulations. Accordingly, it is hardly surprising that this problem has at-
tracted considerable interest among researchers since the usage of periodic
boundary conditions is severely restricted or not suitable in many practical
geometrical conﬁgurations. This is because of the ﬂow inhomogeneity in
more than one direction. Several methods of diﬀerent complexity have been
previously investigated in order to provide realistic inﬂow data for inhomo-
geneous turbulent ﬂows.
In numerical simulations of turbulent boundary layers, Spalart & Wat-
muﬀ (1993) solved the incompressible Navier-Stokes equations over a ﬂat
plate using periodic boundary conditions in the x and z directions paral-
lel to the plate. Although such a ﬂow problem in not homogeneous in the
x-direction, the authors made it feasible to use periodic boundary condi-
tions in the latter direction by introducing a fringe region technique. In this
method, a forcing term is applied on the Navier-Stokes equations and within
a certain period in x they distinguished between a fringe region, close to the
inﬂow and outﬂow boundaries, in which the added terms are ﬁnite and a
useful region in which they are zero. Subsequently, the ﬂow proﬁle close to
the outﬂow is returned to the desired inﬂow proﬁle in the fringe region.
Perhaps one of the most studied ﬂow conﬁgurations in which periodic
boundary conditions has been employed is the turbulent plane channel ﬂow;
see e.g. Kim et al. (1987). In this case, the ﬂow is homogeneous in the
streamwise and spanwise directions while at the same time exhibits strong
inhomogeneity in the wall-normal direction. Nevertheless, there is a vast
variety of wall-bounded ﬂows in which the ﬂow is not homogeneous in the
streamwise direction, such as sudden expansion channels. This emphasizes
the need to develop reliable methods to generate proper inﬂow conditions for
spatially developing wall-bounded ﬂows. One of the traditional and most
simple approaches is to impose perturbation on a laminar solution from
which the turbulence then develops. However, this may require long compu-
tational domains in order that realistic turbulence develops properly from
the added perturbations. Nonetheless, other methods have been employed
by researches, as for instance, proper orthogonal decomposition (POD).
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Figure 2.1. Cost-eﬀective method applied to inhomoge-
neous wall-bounded ﬂows. (a) Comparison with DNS data
from Kim et al. (1987) for fully developed turbulent Poiseuille
ﬂow. Turbulent intensities : ———, ◦, streamwise direction;
· · · · · · ·, ∗, wall-normal direction; – – – –, , spanwise di-
rection. (b) Comparison with DNS data from Bech et al.
(1995) for fully developed turbulent Couette ﬂow. Shear
stress variations : – – – –, ◦, viscous shear stress; ———,
, turbulent shear stress; · · · · · · ·, total shear stress τ .
A more realistic approach to generate proper turbulent inﬂow condi-
tions for spatially developing channel ﬂows would involve the utilization of
an auxiliary simulation. In this case, the auxiliary simulation is run with
streamwise periodicity and synchronously with the actual computation un-
der consideration. Thereafter, instantaneous velocity ﬁelds are taken from
the auxiliary simulation and simultaneously fed at an inﬂow of the main sim-
ulation in order to mimic a long channel section upstream the inlet of the
spatially developing problem. However, since this method demands the run
of two separate simulations simultaneously, it can be very expensive in terms
of CPU time. To address this issue, a newly developed technique is intro-
duced to generate dynamic inﬂow conditions for inhomogeneous turbulent
ﬂows; see Barri et al. (2009). The method, referred to as the cost-eﬀective
method, consists of recycling ﬁnite-length time series (ts) of instantaneous
velocity proﬁles at the input of the simulation under consideration. These
proﬁles are taken from a precursor simulation and a physical constraint is
introduced on the length of the time series ts to be of order of the large-
eddy-turnover-time. Figure 2.1 displays the turbulence intensities and shear
stress variations obtained via the cost-eﬀective method in the inlet section
of DNS studies of turbulent channel ﬂow with an obstruction and turbulent
Couette ﬂow over a backward-facing step. The agreement between the sim-
ulation and the DNS data of Kim et al. (1987) and Bech et al. (1995) is
rather satisfactory which demonstrate the ability of the present technique
to generate suitable inﬂow conditions for inhomogeneous turbulent ﬂows.
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CHAPTER 3
Wall-bounded ﬂows
3.1. One-sided expansion channels
Due to its geometrical simplicity, the ﬂow over a backward facing step (BFS)
has been extensively investigated through the past few decades in order to
study wall-bounded separated ﬂows. Typical prototypes of BFS ﬂows are
the boundary layer, the plane channel and the Couette ﬂow cases; see e.g.
Eaton & Johnston (1981) and Le et al. (1997). A common feature of these
ﬂows is the existence of a shear layer emanating from the step corner and
reattaching further downstream leading to the formation of a recirculation
bubble. The presence of the internal shear layer and the massive recircula-
tion zone gives rise to complex ﬂow dynamics which for instance aﬀect the
turbulence production and Reynolds stress anisotropy.
Nevertheless, the most studied BFS ﬂow is the pressure-driven ﬂow in a
plane channel with a sudden one-sided expansion; see e.g. Barri et al. (2010).
Owing to the principle of mass conservation, the Reynolds number remains
the same downstream of the step as in the upstream part of the channel.
In a BFS Couette ﬂow, on the other hand, the Reynolds number becomes
higher downstream of the step. It is well known that the shear-driven tur-
bulent Couette ﬂows (Bech et al. 1995) exhibit a number of characteristic
features which make them distinguishingly diﬀerent from the pressure-driven
Poiseuille ﬂow, notably the monotonically increasing mean velocity proﬁle.
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Figure 3.1. Instantaneous enstrophy contours revealing the
formation of Kelvin-Helmholtz instabilities in turbulent Cou-
ette backward-facing step ﬂow.
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Figure 3.2. Mean velocity proﬁle normalized by the upper
wall velocity Uw. (a) Inlet section; (b) recovery region. The
symbols denote DNS data from Bech et al. (1995).
Since the turbulent ﬂow ﬁeld in BFS Couette ﬂow evolves spatially in the
streamwise direction, special attention must be paid to the boundary condi-
tion at the input. For this purpose, the cost-eﬀective method introduced in
the previous chapter is utilized to generate realistic dynamic inﬂow condi-
tions from a precursor simulation. Depicted in ﬁgure 3.2 is the mean velocity
proﬁle at two representative locations : in the upstream channel close to the
inlet, and in the recovery region far downstream the step. At the former po-
sition, excellent agreement is observed with the DNS data from Bech et al.
(1995), while at the latter position the proﬁle is yet far from being anti-
symmetric. Midway between the walls U is still roughly half of Uw/2 which
should have been reached in the case of a fully redeveloped Couette ﬂow.
Nonetheless, irrespective of the length of the domain that can be used in
the downstream part of the channel, an anti-symmetric proﬁle correspond-
ing to a fully redeveloped Couette ﬂow will not be reached. This is due to
the principle of mass conservation. It follows that since the height of the
domain after the step is twice that of the inlet section and the mean velocity
proﬁle of Couette ﬂow is monotonically increasing to a constant value of Uw ,
the ﬂow cannot adjust itself to an anti-symmetric S-proﬁle shape and at the
same time maintain a constant ﬂow rate.
This observed pattern is a distinctive feature in the BFS Couette ﬂow.
The two-dimensional upstream mean ﬂow develops to an essentially uni-
directional ﬂow in the downstream part of the computational domain, i.e.
beyond x/h ≈ 30 or 15 step heights h downstream of the sudden expansion.
It is noteworthy that the upstream pure Couette ﬂow redevelops into a mixed
Couette-Poiseuille ﬂow in contrast to the classical pressure-driven backward-
facing step ﬂow where an upstream Poiseuille ﬂow inevitably redevelops to
another pure Poiseuille ﬂow far downstream of the step. In the present
case, however, an adverse pressure gradient is established with the view
to assure global mass conservation. The resulting mixed Couette-Poiseuille
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In order to study the shear layer which forms when the upstream Couette
ﬂow mixes with the recirculating ﬂow downstream of the step, the turbulent
kinetic energy budget is presented at a streamwise position passing through
the center of the primary separation zone (i.e. 3h downstream of the step).
The transport equations for the Reynolds stress tensor are :
D
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(uiuj) = Pij − εij + Πij + Gij + Dij + Tij (3.1)
where the production, dissipation, pressure-strain, pressure diﬀusion, molec-
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∂xk
uiujuk (3.7)
The budget for the turbulent kinetic energy q2/2 = uiui/2 is one half the
sum of the budget of the diagonal components of the Reynolds stress tensor,
and is shown in ﬁgure 3.3. In the shear layer, production and dissipation
are the most dominant terms whereas turbulent diﬀusion transports energy
into the upper half part of the channel only. The contribution to PK comes
mainly from P11 (see ﬁgure 3.4) and its peak at y/h ≈ 1 is almost 2.5 times
larger than that of K . This infers that dissipation is not in balance with
production.
In the regions close to the wall, turbulence is substantially damped along
the lower one due to recirculation. In this case, the production and turbu-
lent diﬀusion terms are almost negligible which is in contrast to viscous
dissipation that is the most signiﬁcant (among the plotted terms).
Since there is nearly no production of v2 and w2 as can be inferred
from ﬁgure 3.4, their only source of energy is from Πij which serves to
redistribute energy between the normal stresses. This is shown in ﬁgure 3.5
where the pressure-strain terms appearing in the u2, v2 and w2 equations are
plotted together at x/h = 18. Across the channel, ww acts as a receiving
component taking energy mainly from uu. The proﬁles of Π11 and Π22
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Figure 3.5. Pressure-strain terms normalized by u4τi/ν at
x/h = 18. ———, Π11; · · · · · · · , Π22; – – – –, Π33; — · —,
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indicate a qualitative diﬀerence in the energy exchange pattern between the
two walls. While there is a large energy transfer from the vv component to
the uu and ww between y/h = 0 and y/h ≈ 0.2, uu contributes to vv in
delivering energy to ww in the region near to the upper wall. Away from the
walls, the major eﬀect of the pressure-strain is to distribute energy from uu
component to the other two components. The sum of the three components
(i.e. Πii) is almost zero and this supports the adequacy of the sampling
procedure.
3.2. Plane channel with an obstruction
Asymmetric ﬂow patterns that develop in symmetric channel conﬁgurations
are of considerable interest in a variety of industrial applications. Turbulent
mixing and the rate of heat transfer are for instance among the physical
mechanisms aﬀected by ﬂow asymmetry. Perhaps the most studied geo-
metrical conﬁguration related to such ﬂows is the ﬂow in a plane channel
with a double-sided symmetric expansion; see e.g. Durst et al. (1974). A
somewhat related problem is a plane channel conﬁguration with a single or
a sequence of thin-plate obstructions. In a similar approach to the previous
study, the cost-eﬀective method is used to provide realistic fully turbulent
inﬂow conditions in order to study the asymmetric ﬂow pattern caused by
a single thin-plate obstruction in a plane channel. In this case, however,
the precursor simulation is that of a fully-developed turbulent channel ﬂow.
The resulting ﬂow ﬁeld upstream the obstruction compares almost perfectly
well with data from Kim et al. (1987). It is worthwhile to note that the
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Figure 3.6. Asymmetric ﬂow pattern in a symmetric chan-
nel conﬁguration with a single thin-plate obstruction. (a)
Side view showing the instantaneous streamwise velocity u
normalized by bulk velocity at the input Ui. (b) Upstream
view from x/h = 20 in terms of velocity stream ribbons.
current DNS study focuses on the asymmetric ﬂow pattern in the fully de-
veloped turbulent state and not on the source of or mechanism for creating
the asymmetry phenomenon.
In the present ﬁndings, the ﬂow downstream the obstruction is asym-
metric with an extraordinarily long separation bubble at one of the walls.
This separation bubble extends about 17 obstruction heights downstream of
the thin-plate, and is almost 4 times longer than the shorter bubble found on
the other wall. After the distinctly asymmetric pattern has been established
as in ﬁgure 3.6(a), the jet remains deﬂected to the same side due to the sub-
stantially lower pressure within the shorter recirculating eddy. A previous
DNS study on a similar problem was carried out by Makino et al. (2008)
but with a periodically repeating obstruction at a slightly lower Reynolds
number. For that purpose, the authors used periodic boundary conditions
in the streamwise direction. In comparison with their ﬁndings, the longest
of the two bubbles found in the present case exceeds the downstream length
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Figure 3.7. Instantaneous enstrophy in a side view plane.
of the domain used by Makino et al. (2008). This veriﬁes the necessity of
proper inﬂow conditions if the eﬀects of a single obstruction is to be studied.
An insight on the complex motion in the present study is obtained from
ﬁgure 3.6(b) where stream ribbons of the instantaneous velocity components
are shown in an upstream perspective view from x/h = 20. Stream ribbons
illustrate the direction of the ﬂow and are constructed as narrow surfaces
deﬁned between two adjacent streamlines. Large-scale motions are observed
in the lower-half of the channel which is in contrast to the upper-half where
the ﬂow is relatively calm. These swirling motions transport ﬂuid between
the primary recirculation region on the lower wall and the high-speed jet and
simultaneously inﬂuence the Reynolds stresses. Meanwhile, the formation
of Kelvin-Helmholtz vortices is visible from ﬁgure 3.7. They are generated
around the top edges of the slits and swept away forming a ﬁne-scale turbu-
lence in the mixing layers. The absence of vorticity between the two mixing
layers indicates a potential-like type ﬂow (i.e. irrotational ﬂow) in this region
which is due to ﬂow acceleration.
In a quick look at the momentum balance, the streamwise momentum
equation for a channel ﬂow with single thin-plate obstruction can be written
as :
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+ V
∂U
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ρ
∂P
∂x
− ∂
∂x
(uu)− ∂
∂y
(uv) + ν
(
∂2U
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∂2U
∂y2
)
(3.8)
Here, the left hand side of equation 3.8 denotes the convective accelera-
tions, and the term with ∂/∂t is ignored since the ﬂow is considered to be
statistically steady. The above equation can be rearranged as follows:
0 = −1
ρ
∂P
∂x
+
∂
∂x
(
ν
∂U
∂x
− uu − U2
)
+
∂
∂y
(
ν
∂U
∂y
− uv − UV
)
(3.9)
In the present case, −UV is a result of the eﬀect of the slits on the mean
ﬂow ﬁeld as shown in ﬁgure 3.8(a). As the ﬂow contracts, U is positive
whereas V attains positive and negative values in the lower and upper parts
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Figure 3.8. (a) Contours of the product −UV/U2i . (b) Con-
tours of wall-normal pressure gradient ∂P/∂y.
of the channel, respectively. Downstream the constriction, the sign of V
depends on the direction in which the ﬂow bends. Since the ﬂow bends
upwards in the present case, the positive values of U and V give a negative
−UV . In ﬁgure 3.8(b), the pressure gradient ∂P/∂y attains substantial
negative values in the mixing layer downstream of the upper slit, i.e. P is
lower in the recirculation zone than in the jet ﬂow. The upward pressure
force −∂P/∂y therefore tends to bend the mixing layer towards the upper
wall.
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CHAPTER 4
Bluﬀ body ﬂows
4.1. Flow past a prolate spheroid
A wake develops behind a bluﬀ body if the Reynolds number exceeds a cer-
tain critical value such that the ﬂow separates from the surface of the body.
The resulting wake ﬂow may be steady or unsteady and even become turbu-
lent depending on the actual value of the Reynolds number Re. The shape
of the body itself, as well as its orientation relative to the oncoming ﬂow,
determines the symmetry of the resulting wake. The two most frequently
studied bluﬀ bodies are the sphere and the circular cylinder (see e.g. Johnson
& Patel 1999 and Zdravkovich 1997) which at fairly low Reynolds numbers
give rise to axisymmetric and planar wakes, respectively.
A prolate spheroid is a three-dimensional body with two diﬀerent length
scales, one plane of symmetry, and one axis of symmetry. The ratio between
the semi-major and semi-minor axes, i.e. the aspect ratio, is a measure of
departure from a spherical body. Spheroids with aspect ratios 8:1, 6:1, and
x/D
y/D
Figure 4.1. Crossﬂow past a 6:1 a prolate spheroid. The
ﬁgures represents the instantaneous streamwise velocity u/Uo
in the meridional plane at Re = 10 000. Here, the colors vary
from −0.5 (dark blue) to 1.2 (dark red) while light green
represents 0.
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Figure 4.2. Schematic view of ﬂow over a 6:1 prolate spher-
oid at high incidence. The major axis is taken to be perpen-
dicular, i.e. at 90◦, to the main ﬂow direction. With this
orientation the spheroid plays the role of a bluﬀ body rather
than a slender object.
3:1 can be considered as simpliﬁed models of submarines, unmanned under-
water vehicles, missiles, airships, etc. When the aspect ratio is relatively
high and the major axis is aligned with the ﬂow the prolate spheroid be-
haves as a slender body. If, on the other hand, the inﬂow is perpendicular
to the symmetry axis, i.e. parallel with the equatorial plane, the spheroid
plays the role of a bluﬀ body and the wake can be expected to possess two
mutually perpendicular symmetry planes. The wake behind this spheroid
shares some features of the cylinder wake and others of the wake of a sphere.
The wake behind a prolate spheroid without incidence is axisymmetric,
at least at low Re, just as is the wake of a sphere. The axisymmetry is
broken by the incidence angle and in the particular case of 90◦ angle of
attack it can be anticipated that the wake at mid-span will resemble the
wake behind circular cylinders. In the Reynolds number range up to 300,
Sheard et al. (2008) reported that the vortices shed in the vicinity of the
cylinder mid-span resembled Ka´rma´n vortices when the length-to-diameter
ratio exceeded 4. The helical-like wake which may occur behind a sphere
at higher Re due to the shedding of hairpin vortices at varying azimuthal
locations will probably be prohibited in a wake behind a prolate spheroid in
crossﬂow provided that the aspect ratio is suﬃciently above 1.
At fairly low Reynolds numbers, a toroidal vortex ring develops on the
rear side of a sphere; see for instance Achenbach (1974) and Johnson &
Patel (1999). In the present case, however, the elliptical rather than circular
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Figure 4.3. Steady ﬂow past a prolate spheroid at Re = 50
visualized by means of velocity stream ribbons. (a) Top view;
(b) upstream view from x/D = 10.
cross-section of the spheroid severely breaks the axisymmetry of the vortex
ring and leaves the stretched vortex structure shown in ﬁgure 4.3(a). The
‘croissant’-like shape results from the recirculating ﬂow above the meridional
plane z/D = 5.5, while a mirror-shaped vortex structure is present below
the meridional plane. Due to the prevailing ﬂow symmetries at Re = 50,
no exchange of ﬂuid between the two halves take place. The upstream view
into the wake from the cross-sectional (y, z)-plane, 4.5D downstream of the
major axis of the spheroid in ﬁgure 4.3(b), gives another impression of the
three-dimensional wake topology. The shape of the stream ribbons becomes
gradually more distorted with the distance from mid-span and a stream
ribbon emerging from the polar area is almost parallel with the meridional
(x, y)-plane.
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(b) upstream view from x/D = 10.
cross-section of the spheroid severely breaks the axisymmetry of the vortex
ring and leaves the stretched vortex structure shown in ﬁgure 4.3(a). The
‘croissant’-like shape results from the recirculating ﬂow above the meridional
plane z/D = 5.5, while a mirror-shaped vortex structure is present below
the meridional plane. Due to the prevailing ﬂow symmetries at Re = 50,
no exchange of ﬂuid between the two halves take place. The upstream view
into the wake from the cross-sectional (y, z)-plane, 4.5D downstream of the
major axis of the spheroid in ﬁgure 4.3(b), gives another impression of the
three-dimensional wake topology. The shape of the stream ribbons becomes
gradually more distorted with the distance from mid-span and a stream
ribbon emerging from the polar area is almost parallel with the meridional
(x, y)-plane.
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Figure 4.4. Side view showing the instantaneous ﬂow con-
ﬁguration at Re = 100 in terms of velocity stream ribbons.
The complexity of the ﬂow topology increases with Re and the asym-
metry about the meridional plane is evident even for Re = 100 in ﬁgure 4.4
where a closed recirculation bubble does no longer exist as in the steady
case. The upper vortical structure in ﬁgure 4.4 is considerably larger than
the oppositely rotating lower vortex. The ﬂuid which is deﬂected upwards as
the spheroid is approach seems to follow the contours of the upper vortex. A
part of this ﬂuid is entrained into the spiraling vortex whereas another part
proceeds in the upstream direction and eventually feeds the lower vortex.
The oncoming ﬂuid which is deﬂected downwards, however, is directly fed
into the counter-clockwise vortex.
The frontal area of the prolate spheroid in crossﬂow is elliptical. At least
in the far wake, one may expect that the ﬂow would resemble the wake for-
med behind sharp-edged elliptical disks. The plot of u/Uo in the meridional
plane in ﬁgure 4.1 gives the impression that the wake contracts to a narrow
band in the spanwise direction as the ﬂow progresses downstream. A clearer
view of this phenomenon can be seen from the cross-stream slices depicted
in ﬁgure 4.5. It is readily observed that the axis of the wake has switched at
x = 20D, in the sense that the major axis of the wake now is aligned with
the minor axis of the spheroid for the Reynolds numbers under consideration
here. Moreover, the shape of the near-wake reﬂected the elliptical shape of
the meridional cross-section of the spheroid. Some 10D downstream, how-
ever, the major axis of the wake became aligned with the minor axis of the
spheroid. A similar axis switching was observed experimentally by Kuo &
Baldwin (1967) and Kiya & Abe (1999) in the wake behind an elliptical disk.
In that case, the authors reported that axis switching occurred at about 4D
downstream of the disk, i.e. signiﬁcantly closer to the bluﬀ body than in the
present study. While Kuo & Baldwin (1967) avoided to present a hypoth-
esis on the reason why the wake grow non-uniformly behind elliptical bluﬀ
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Figure 4.5. Cross-stream slices at Re = 10 000. (a) Instan-
taneous streamwise velocity u/Uo where the colors vary from
0.4 (dark blue) to 1.2 (dark red); (b) −λ2 via the method of
Jeong & Hussain (1995).
bodies, Kiya & Abe (1999) attributed the mechanism of axis switching to
diﬀerent growth rates of the wake in the plane of the major and minor axis.
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CHAPTER 5
Review of papers content
In this chapter, a brief summary of each of the ﬁve articles included in part
two of the thesis is presented. The ﬁrst three papers address wall-bounded
ﬂows while the last two are concerned with uniform ﬂow past prolate spher-
oid at incidence.
Paper 1 : Inﬂow conditions for inhomogeneous turbulent ﬂows.
Barri, M., El Khoury, G. K., Andersson, H. I. & Pettersen, B.
In this paper, a new technique, referred to as the cost-eﬀective method, is in-
troduced in order to generate realistic dynamic inﬂow conditions for spatially
developing wall-bounded turbulent ﬂows. This method consists of recycling
ﬁnite-length time series (ts) of instantaneous velocity proﬁles at the input of
the simulation under consideration. The proﬁles are taken from a precursor
simulation and a physical constraint is introduced on the length of the time
series ts to be of order of the large-eddy-turnover-time. Excellent agreement
with fully developed channel ﬂow statistics is observed when ts equals or ex-
ceeds the large-eddy-turnover-time time scale. The present results are more
realistic than those obtained with synthetic turbulence generation and at
the same time substantially cheaper than running an auxiliary simulation
in parallel.
Paper 2 : Massive separation of turbulent Couette ﬂow in a one-
sided expansion channel.
El Khoury, G. K., Andersson, H. I., Barri, M. & Pettersen, B.
The newly developed technique presented in the preceding paper is used
here in order to study the wall-driven ﬂow over a backward-facing step by
means of direct numerical simulation. In this case, the precursor simulation
was that of plane Couette ﬂow at exactly the same Reynolds number as in
the extensive investigation by Bech et al. (1995). An interesting feature in
the present study is that the mean streamwise velocity U does not retain
the characteristic S-shape typical of a pure Couette ﬂow far downstream the
step. This phenomenon is ascribed to the principle of global mass conser-
vation, which can be fulﬁlled only if an adverse mean pressure gradient is
established in the recovery region. This is indeed what is observed in the
recovery region where a Couette-Poiseuille ﬂow type prevails.
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20 5. REVIEW OF PAPERS CONTENT
Paper 3 : Asymmetries in an obstructed turbulent channel ﬂow.
El Khoury, G. K., Pettersen, B., Andersson, H. I. & Barri, M.
This paper concerns the asymmetric ﬂow pattern that develops in a symmet-
ric channel conﬁguration with a single thin-plate obstruction. In a similar
approach to paper two, the cost-eﬀective method is used to provide realistic
fully turbulent inﬂow conditions from a precursor simulation. In the present
study, however, the precursor simulation is that of a fully-developed turbu-
lent channel ﬂow. A previous DNS study on a similar problem was carried
out by Makino et al. (2008) but with a periodically repeating obstruction
at a slightly lower Reynolds number. For that purpose, the authors used
periodic boundary conditions in the streamwise direction. In comparison
with their ﬁndings, the longest of the two bubbles found in the present case
exceeds the downstream length of the domain used by Makino et al. (2008).
This veriﬁes the necessity of proper inﬂow-outﬂow conditions if the eﬀects
of a single obstruction is to be studied.
Paper 4 : Wakes behind a prolate spheroid in crossﬂow.
El Khoury, G. K., Andersson, H. I. & Pettersen, B.
In this paper, the ﬂow of a viscous ﬂuid past a prolate spheroid has been
investigated numerically at some diﬀerent Reynolds numbers in the lami-
nar ﬂow regime. Contrary to earlier investigations, the major axis of the
spheroid was oriented perpendicular to the oncoming ﬂow. The wake ﬂow
therefore showed some similarities with the wake behind ﬁnite-length circu-
lar cylinders and yet also resembled the axi-symmetric wake behind a sphere
in some other aspects. The wake behind the 6:1 spheroid remained steady
at the lowest Reynolds numbers considered, Re = 50 and 75. An unsteady
wake was observed at Re = 100, although the ﬂow ﬁeld still retained its
symmetry about the equatorial plane. A symmetry-breaking occurred at a
somewhat higher Reynolds number and more complex wake patterns were
seen at Re = 200 and 300. Double-sided hairpin vortices, shed alternately
from the two sides of the spheroid, were essential ingredients of the periodic
ﬂow ﬁeld at Re ≥ 100. The contours of the nonaxisymmetric near-wake
mimicked the shape of the spheroid. Following a switching of the axes of
the wake some 10 minor diameters downstream, the major axis of the wake
became aligned with the minor axis of the spheroid.
Paper 5 : Crossﬂow past a prolate spheroid at Reynolds number
of 10 000.
El Khoury, G. K., Andersson, H. I. & Pettersen, B.
This paper represents a continuation of the previous work presented in paper
4 on crossﬂow past a 6:1 prolate spheroid. While the low Reynolds numbers
eﬀects are investigated in the previous paper, the current DNS simulation
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focuses solely on the subcritical Reynolds number of 10 000. At this Rey-
nolds number, the boundary layer separated from the frontal side of the
spheroid was also found to be laminar and formed an elliptical vortex sheet.
In this case, however, the detached shear layer was unstable from its very
inception and even the near-wake turned out to be turbulent. The Strouhal
number associated with the large-scale shedding was 0.156, signiﬁcantly be-
low that of the wake of a sphere. A higher-frequency mode was associated
with Kelvin-Helmholtz instabilities in the detached shear layer. The shape
of the near-wake mirrored the shape of the spheroid. Some 10 minor diame-
ters downstream, the major axis of the wake became aligned with the minor
axis of the spheroid.
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a b s t r a c t
Direct numerical simulation has been performed to study wall-driven ﬂow over a backward-facing step
at Reynolds number Re ¼ 5200 based on the step height h and the upper-wall velocity Uw. The ﬂow con-
ﬁguration consisted of a step with height equal to that of the upstream channel yielding an expansion
ratio 2:1. Instantaneous enstrophy contours revealed the formation of Kelvin–Helmholtz instabilities
downstream of the step. Intense velocity and vorticity ﬂuctuations were generated in the shear-layer
formed between the bulk ﬂow and the massive recirculation zone in the lee of the step. Extraordinarily
high turbulence levels persisted in the center region even 7:5h downstream of the step, i.e. where the
separated shear-layer reattached to the wall. A fully redeveloped Couette ﬂow cannot be reached in
the downstream part of the channel due to the principle of mass conservation. The local wall pressure
coefﬁcient gave evidence of an adverse pressure gradient in the recovery region, where a Couette–Poiseu-
ille ﬂow type prevailed.
 2010 Elsevier Inc. All rights reserved.
1. Introduction
Turbulent ﬂow over a backward-facing step (BFS) is a simpliﬁed
case of the general family of separated ﬂows with widespread
industrial applications. Although its geometry is simple, the ﬂow
physics is still complex. Typical prototypes of BFS ﬂows are the
boundary layer, the plane channel and the Couette ﬂow cases,
see e.g. Eaton and Johnston (1981). A common feature of these
ﬂows is the existence of a shear-layer emanating from the step cor-
ner and reattaching further downstream leading to the formation
of a recirculation bubble. The presence of the internal shear-layer
and the massive recirculation zone gives rise to complex ﬂow
dynamics which for instance affect the turbulence production
and Reynolds stress anisotropy.
The understanding of the ﬂow over a backward-facing step was
initially acquired by experiments and two-dimensional numerical
simulations. The early studies were performed by Abbot and Kline
(1962) and Goldstein et al. (1970). This type of ﬂow is character-
ized by the channel expansion ratio ER and the upstream Reynolds
number. Armaly et al. (1983) conducted experiments on air ﬂow
over a backward-facing step with an expansion ratio of 2:1 and
provided information on the relationship between the Reynolds
number and the reattachment length XR. The authors covered a
wide range of Reynolds numbers from about 50 to 6000 and found
that XR tends to increase with the increase of Re in the laminar ﬂow
regime and decrease in the transitional one while XR remains rela-
tively constant in the fully-developed turbulent state. The ﬁndings
of Kuehn (1980), Durst and Tropea (1981), Ötügen (1991), and Ra
and Chang (1990), on the other hand, showed that the reattach-
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earlier study on numerical simulation of plane channel ﬂow (see
Barri et al., 2009) and consists of recycling ﬁnite-length time series
ðtsÞ of instantaneous velocity planes at the input. These proﬁles
were taken from a precursor simulation and a physical constraint
was introduced on ts to be of order of the large-eddy-turnover-
time. The authors kept the inﬂow time series discontinuous and
showed that this discontinuity in the inﬂow signal vanishes due
to the nonlinear interactions of the turbulent ﬂow.
Due to the principle of mass conservation, the Reynolds number
in pressure-driven plane channel ﬂow with a sudden one-sided
expansion remains the same downstream of the step as in the up-
stream part of the channel. In a BFS Couette ﬂow, on the other
hand, the Reynolds number becomes higher downstream of the
step. It is well known that the shear-driven turbulent Couette ﬂows
(see e.g. Bech et al., 1995) exhibit a number of characteristic fea-
tures which make them distinguishingly different from the pres-
sure-driven Poiseuille ﬂow, notably the monotonically increasing
mean velocity proﬁle. The only investigation of BFS Couette ﬂow
we are aware of is the recent experimental study by Morinishi
(2007). He considered a conﬁguration with the step height h equal
to half of the upstream channel height, i.e. with an expansion ratio
3:2. The Reynolds number based on the wall-friction velocity at the
input was ﬁxed to 300. This conﬁguration (i.e. ﬁxed ER and Resi) al-
lowed the author to investigate the effect of the non-dimensional
upstream pressure gradient bo. By varying bo Morinishi (2007)
set up conditions for the following fully-developed upstream
ﬂows: the pure Poiseuille ﬂow, the mixed Couette–Poiseuille ﬂow
and the pure Couette ﬂow. For the three cases, the reattachment
lengths were almost identical and about 6:5h and 2h for the pri-
mary and secondary recirculation regions, respectively.
In the present study we perform direct numerical simulation
(DNS) of turbulent Couette ﬂow over a BFS. This will enable us to
gather accurate mean ﬂow and turbulence statistics throughout
the ﬂow domain, as well as to explore in detail the instantaneous
vortex topology in the shear-layer and the recirculation bubble
as well as in the re-development zone. We intentionally considered
a BFS conﬁguration, where the ﬂow upstream of the step is the
same as that studied by Bech et al. (1995), i.e. a fully-developed
turbulent Couette ﬂow.
2. Flow conﬁguration and governing equations
Fig. 1 shows a schematic view of the Couette backward-facing
step ﬂow which is composed of a step of height h and an
upper-wall moving with velocity Uw. Of particular relevance in
backward-facing step ﬂows is the expansion ratio ER. This dimen-
sionless parameter is deﬁned as the ratio between the downstream
and upstream channel heights, i.e. ER ¼ H=ðH  hÞ. In the present
study we consider a ﬂow conﬁguration, where the step height is
equal to that of the upstream channel, i.e. H ¼ 2h. This gives an
expansion ratio of 2:1.
The governing equations are the time-dependent, incompress-
ible Navier–Stokes equations for a viscous ﬂuid expressed in
non-dimensional form:
r  u ¼ 0; ð1Þ
@u
@t
þ ðu  rÞu ¼ rpþ 1
Re
r2u: ð2Þ
Here, the variables have been non-dimensionalized by h and Uw and
the Reynolds number based on the step height and upper-wall
velocity, Re ¼ Uwh=m, is 5200.
3. Numerical approach
The computational domain has a length of Lx ¼ 39h in the
streamwise x-direction including an inlet section Ls ¼ 15h; H ¼
2h in the wall-normal y-direction, and Lz ¼ 9:43h in the spanwise
z-direction. A total of ð672 384 192Þ grid points are used in x,
y and z, respectively. In order to adequately resolve the turbulence
scales in the separation region and the vicinity of the walls, a non-
uniform mesh distribution is used in the streamwise and wall-nor-
mal directions. Thus for a viscous length scale of li ¼ m=usi, based on
the wall-friction velocity at the input usi ¼ 0:032Uw, the ﬁrst grid
point next to the walls is at yþ  0:083 while the largest grid spac-
ing is about Dyþ  2:4 (measured in wall units). For the streamwise
direction, the minimum grid spacing Dxþ  4:8 is at the step corner
and maximum at the beginning and the end of the domain with
Dxþ  14:8. A uniform mesh is used in the spanwise z-direction
with Dzþ  8:2. The grid speciﬁcation in the inlet section is given
in Table 1 together with that of Bech et al. (1995).
No-slip boundary conditions are imposed on the solid surfaces
in the domain. The ﬂow in the spanwise direction is assumed to
be statistically homogeneous and periodic boundary conditions
are imposed. A realistic fully turbulent ﬂow is generated at the in-
put by recycling ﬁnite-length time series of the instantaneous
velocity planes. This technique was ﬁrst used by Barri et al.
(2009) in a numerical simulation of plane channel ﬂow. The length
of the time series for the current simulation was 33h=Uw. This is
consistent with the recommendation of Barri et al. (2009). For a
plane Poiseuille ﬂow, they demonstrated that the potential period-
icity introduced by the recycling of a ﬁnite-length time series
vanished when the duration of the time series equaled the large-
eddy-turnover-time h=us. The imposition of dynamic Dirichlet con-
ditions at the inﬂow implies that the ﬂow rate is ﬁxed to that of the
precursor simulation. The latter was that of plane Couette ﬂow at
exactly the same Reynolds number as in the extensive investiga-
tion by Bech et al. (1995). As an outﬂow condition, we solve the
convective equation @u=@t þ Uc@u=@x ¼ 0 at the exit plane and
set the total normal stress acting on it to zero by means of a pres-
sure boundary condition pþ 2l@u=@x ¼ 0. The convective
boundary condition was used in previous numerical simulations
by Lowery and Reynolds (1986) for a mixing-layer and Le et al.
(1997) and Barri et al. (2010) for turbulent ﬂow over a back-
ward-facing step and is considered suitable for vortical structures
moving out of the domain.
The DNS code used to numerically solve the governing Eqs. (1)
and (2) is MGLET (see Manhart, 2004). MGLET is a ﬁnite-volume
code in which the Navier–Stokes equations are discretized on a
Ls
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Fig. 1. Flow conﬁguration and coordinate system (not to scale).
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in Table 1 together with that of Bech et al. (1995).
No-slip boundary conditions are imposed on the solid surfaces
in the domain. The ﬂow in the spanwise direction is assumed to
be statistically homogeneous and periodic boundary conditions
are imposed. A realistic fully turbulent ﬂow is generated at the in-
put by recycling ﬁnite-length time series of the instantaneous
velocity planes. This technique was ﬁrst used by Barri et al.
(2009) in a numerical simulation of plane channel ﬂow. The length
of the time series for the current simulation was 33h=Uw. This is
consistent with the recommendation of Barri et al. (2009). For a
plane Poiseuille ﬂow, they demonstrated that the potential period-
icity introduced by the recycling of a ﬁnite-length time series
vanished when the duration of the time series equaled the large-
eddy-turnover-time h=us. The imposition of dynamic Dirichlet con-
ditions at the inﬂow implies that the ﬂow rate is ﬁxed to that of the
precursor simulation. The latter was that of plane Couette ﬂow at
exactly the same Reynolds number as in the extensive investiga-
tion by Bech et al. (1995). As an outﬂow condition, we solve the
convective equation @u=@t þ Uc@u=@x ¼ 0 at the exit plane and
set the total normal stress acting on it to zero by means of a pres-
sure boundary condition pþ 2l@u=@x ¼ 0. The convective
boundary condition was used in previous numerical simulations
by Lowery and Reynolds (1986) for a mixing-layer and Le et al.
(1997) and Barri et al. (2010) for turbulent ﬂow over a back-
ward-facing step and is considered suitable for vortical structures
moving out of the domain.
The DNS code used to numerically solve the governing Eqs. (1)
and (2) is MGLET (see Manhart, 2004). MGLET is a ﬁnite-volume
code in which the Navier–Stokes equations are discretized on a
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earlier study on numerical simulation of plane channel ﬂow (see
Barri et al., 2009) and consists of recycling ﬁnite-length time series
ðtsÞ of instantaneous velocity planes at the input. These proﬁles
were taken from a precursor simulation and a physical constraint
was introduced on ts to be of order of the large-eddy-turnover-
time. The authors kept the inﬂow time series discontinuous and
showed that this discontinuity in the inﬂow signal vanishes due
to the nonlinear interactions of the turbulent ﬂow.
Due to the principle of mass conservation, the Reynolds number
in pressure-driven plane channel ﬂow with a sudden one-sided
expansion remains the same downstream of the step as in the up-
stream part of the channel. In a BFS Couette ﬂow, on the other
hand, the Reynolds number becomes higher downstream of the
step. It is well known that the shear-driven turbulent Couette ﬂows
(see e.g. Bech et al., 1995) exhibit a number of characteristic fea-
tures which make them distinguishingly different from the pres-
sure-driven Poiseuille ﬂow, notably the monotonically increasing
mean velocity proﬁle. The only investigation of BFS Couette ﬂow
we are aware of is the recent experimental study by Morinishi
(2007). He considered a conﬁguration with the step height h equal
to half of the upstream channel height, i.e. with an expansion ratio
3:2. The Reynolds number based on the wall-friction velocity at the
input was ﬁxed to 300. This conﬁguration (i.e. ﬁxed ER and Resi) al-
lowed the author to investigate the effect of the non-dimensional
upstream pressure gradient bo. By varying bo Morinishi (2007)
set up conditions for the following fully-developed upstream
ﬂows: the pure Poiseuille ﬂow, the mixed Couette–Poiseuille ﬂow
and the pure Couette ﬂow. For the three cases, the reattachment
lengths were almost identical and about 6:5h and 2h for the pri-
mary and secondary recirculation regions, respectively.
In the present study we perform direct numerical simulation
(DNS) of turbulent Couette ﬂow over a BFS. This will enable us to
gather accurate mean ﬂow and turbulence statistics throughout
the ﬂow domain, as well as to explore in detail the instantaneous
vortex topology in the shear-layer and the recirculation bubble
as well as in the re-development zone. We intentionally considered
a BFS conﬁguration, where the ﬂow upstream of the step is the
same as that studied by Bech et al. (1995), i.e. a fully-developed
turbulent Couette ﬂow.
2. Flow conﬁguration and governing equations
Fig. 1 shows a schematic view of the Couette backward-facing
step ﬂow which is composed of a step of height h and an
upper-wall moving with velocity Uw. Of particular relevance in
backward-facing step ﬂows is the expansion ratio ER. This dimen-
sionless parameter is deﬁned as the ratio between the downstream
and upstream channel heights, i.e. ER ¼ H=ðH  hÞ. In the present
study we consider a ﬂow conﬁguration, where the step height is
equal to that of the upstream channel, i.e. H ¼ 2h. This gives an
expansion ratio of 2:1.
The governing equations are the time-dependent, incompress-
ible Navier–Stokes equations for a viscous ﬂuid expressed in
non-dimensional form:
r  u ¼ 0; ð1Þ
@u
@t
þ ðu  rÞu ¼ rpþ 1
Re
r2u: ð2Þ
Here, the variables have been non-dimensionalized by h and Uw and
the Reynolds number based on the step height and upper-wall
velocity, Re ¼ Uwh=m, is 5200.
3. Numerical approach
The computational domain has a length of Lx ¼ 39h in the
streamwise x-direction including an inlet section Ls ¼ 15h; H ¼
2h in the wall-normal y-direction, and Lz ¼ 9:43h in the spanwise
z-direction. A total of ð672 384 192Þ grid points are used in x,
y and z, respectively. In order to adequately resolve the turbulence
scales in the separation region and the vicinity of the walls, a non-
uniform mesh distribution is used in the streamwise and wall-nor-
mal directions. Thus for a viscous length scale of li ¼ m=usi, based on
the wall-friction velocity at the input usi ¼ 0:032Uw, the ﬁrst grid
point next to the walls is at yþ  0:083 while the largest grid spac-
ing is about Dyþ  2:4 (measured in wall units). For the streamwise
direction, the minimum grid spacing Dxþ  4:8 is at the step corner
and maximum at the beginning and the end of the domain with
Dxþ  14:8. A uniform mesh is used in the spanwise z-direction
with Dzþ  8:2. The grid speciﬁcation in the inlet section is given
in Table 1 together with that of Bech et al. (1995).
No-slip boundary conditions are imposed on the solid surfaces
in the domain. The ﬂow in the spanwise direction is assumed to
be statistically homogeneous and periodic boundary conditions
are imposed. A realistic fully turbulent ﬂow is generated at the in-
put by recycling ﬁnite-length time series of the instantaneous
velocity planes. This technique was ﬁrst used by Barri et al.
(2009) in a numerical simulation of plane channel ﬂow. The length
of the time series for the current simulation was 33h=Uw. This is
consistent with the recommendation of Barri et al. (2009). For a
plane Poiseuille ﬂow, they demonstrated that the potential period-
icity introduced by the recycling of a ﬁnite-length time series
vanished when the duration of the time series equaled the large-
eddy-turnover-time h=us. The imposition of dynamic Dirichlet con-
ditions at the inﬂow implies that the ﬂow rate is ﬁxed to that of the
precursor simulation. The latter was that of plane Couette ﬂow at
exactly the same Reynolds number as in the extensive investiga-
tion by Bech et al. (1995). As an outﬂow condition, we solve the
convective equation @u=@t þ Uc@u=@x ¼ 0 at the exit plane and
set the total normal stress acting on it to zero by means of a pres-
sure boundary condition pþ 2l@u=@x ¼ 0. The convective
boundary condition was used in previous numerical simulations
by Lowery and Reynolds (1986) for a mixing-layer and Le et al.
(1997) and Barri et al. (2010) for turbulent ﬂow over a back-
ward-facing step and is considered suitable for vortical structures
moving out of the domain.
The DNS code used to numerically solve the governing Eqs. (1)
and (2) is MGLET (see Manhart, 2004). MGLET is a ﬁnite-volume
code in which the Navier–Stokes equations are discretized on a
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earlier study on numerical simulation of plane channel ﬂow (see
Barri et al., 2009) and consists of recycling ﬁnite-length time series
ðtsÞ of instantaneous velocity planes at the input. These proﬁles
were taken from a precursor simulation and a physical constraint
was introduced on ts to be of order of the large-eddy-turnover-
time. The authors kept the inﬂow time series discontinuous and
showed that this discontinuity in the inﬂow signal vanishes due
to the nonlinear interactions of the turbulent ﬂow.
Due to the principle of mass conservation, the Reynolds number
in pressure-driven plane channel ﬂow with a sudden one-sided
expansion remains the same downstream of the step as in the up-
stream part of the channel. In a BFS Couette ﬂow, on the other
hand, the Reynolds number becomes higher downstream of the
step. It is well known that the shear-driven turbulent Couette ﬂows
(see e.g. Bech et al., 1995) exhibit a number of characteristic fea-
tures which make them distinguishingly different from the pres-
sure-driven Poiseuille ﬂow, notably the monotonically increasing
mean velocity proﬁle. The only investigation of BFS Couette ﬂow
we are aware of is the recent experimental study by Morinishi
(2007). He considered a conﬁguration with the step height h equal
to half of the upstream channel height, i.e. with an expansion ratio
3:2. The Reynolds number based on the wall-friction velocity at the
input was ﬁxed to 300. This conﬁguration (i.e. ﬁxed ER and Resi) al-
lowed the author to investigate the effect of the non-dimensional
upstream pressure gradient bo. By varying bo Morinishi (2007)
set up conditions for the following fully-developed upstream
ﬂows: the pure Poiseuille ﬂow, the mixed Couette–Poiseuille ﬂow
and the pure Couette ﬂow. For the three cases, the reattachment
lengths were almost identical and about 6:5h and 2h for the pri-
mary and secondary recirculation regions, respectively.
In the present study we perform direct numerical simulation
(DNS) of turbulent Couette ﬂow over a BFS. This will enable us to
gather accurate mean ﬂow and turbulence statistics throughout
the ﬂow domain, as well as to explore in detail the instantaneous
vortex topology in the shear-layer and the recirculation bubble
as well as in the re-development zone. We intentionally considered
a BFS conﬁguration, where the ﬂow upstream of the step is the
same as that studied by Bech et al. (1995), i.e. a fully-developed
turbulent Couette ﬂow.
2. Flow conﬁguration and governing equations
Fig. 1 shows a schematic view of the Couette backward-facing
step ﬂow which is composed of a step of height h and an
upper-wall moving with velocity Uw. Of particular relevance in
backward-facing step ﬂows is the expansion ratio ER. This dimen-
sionless parameter is deﬁned as the ratio between the downstream
and upstream channel heights, i.e. ER ¼ H=ðH  hÞ. In the present
study we consider a ﬂow conﬁguration, where the step height is
equal to that of the upstream channel, i.e. H ¼ 2h. This gives an
expansion ratio of 2:1.
The governing equations are the time-dependent, incompress-
ible Navier–Stokes equations for a viscous ﬂuid expressed in
non-dimensional form:
r  u ¼ 0; ð1Þ
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þ ðu  rÞu ¼ rpþ 1
Re
r2u: ð2Þ
Here, the variables have been non-dimensionalized by h and Uw and
the Reynolds number based on the step height and upper-wall
velocity, Re ¼ Uwh=m, is 5200.
3. Numerical approach
The computational domain has a length of Lx ¼ 39h in the
streamwise x-direction including an inlet section Ls ¼ 15h; H ¼
2h in the wall-normal y-direction, and Lz ¼ 9:43h in the spanwise
z-direction. A total of ð672 384 192Þ grid points are used in x,
y and z, respectively. In order to adequately resolve the turbulence
scales in the separation region and the vicinity of the walls, a non-
uniform mesh distribution is used in the streamwise and wall-nor-
mal directions. Thus for a viscous length scale of li ¼ m=usi, based on
the wall-friction velocity at the input usi ¼ 0:032Uw, the ﬁrst grid
point next to the walls is at yþ  0:083 while the largest grid spac-
ing is about Dyþ  2:4 (measured in wall units). For the streamwise
direction, the minimum grid spacing Dxþ  4:8 is at the step corner
and maximum at the beginning and the end of the domain with
Dxþ  14:8. A uniform mesh is used in the spanwise z-direction
with Dzþ  8:2. The grid speciﬁcation in the inlet section is given
in Table 1 together with that of Bech et al. (1995).
No-slip boundary conditions are imposed on the solid surfaces
in the domain. The ﬂow in the spanwise direction is assumed to
be statistically homogeneous and periodic boundary conditions
are imposed. A realistic fully turbulent ﬂow is generated at the in-
put by recycling ﬁnite-length time series of the instantaneous
velocity planes. This technique was ﬁrst used by Barri et al.
(2009) in a numerical simulation of plane channel ﬂow. The length
of the time series for the current simulation was 33h=Uw. This is
consistent with the recommendation of Barri et al. (2009). For a
plane Poiseuille ﬂow, they demonstrated that the potential period-
icity introduced by the recycling of a ﬁnite-length time series
vanished when the duration of the time series equaled the large-
eddy-turnover-time h=us. The imposition of dynamic Dirichlet con-
ditions at the inﬂow implies that the ﬂow rate is ﬁxed to that of the
precursor simulation. The latter was that of plane Couette ﬂow at
exactly the same Reynolds number as in the extensive investiga-
tion by Bech et al. (1995). As an outﬂow condition, we solve the
convective equation @u=@t þ Uc@u=@x ¼ 0 at the exit plane and
set the total normal stress acting on it to zero by means of a pres-
sure boundary condition pþ 2l@u=@x ¼ 0. The convective
boundary condition was used in previous numerical simulations
by Lowery and Reynolds (1986) for a mixing-layer and Le et al.
(1997) and Barri et al. (2010) for turbulent ﬂow over a back-
ward-facing step and is considered suitable for vortical structures
moving out of the domain.
The DNS code used to numerically solve the governing Eqs. (1)
and (2) is MGLET (see Manhart, 2004). MGLET is a ﬁnite-volume
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staggered Cartesian mesh with non-equidistant grid spacing. The
discretization is second-order accurate in space. A second-order
explicit Adams–Bashforth scheme is used for the time integration.
The Poisson equation for the pressure is solved using a multi-grid
algorithm.
The simulations were started from an arbitrary ﬂow ﬁeld and
thereafter let to evolve to a statistically steady state. The time step
used was Dt ¼ 0:001h=Uw. Statistics were gathered for 396h=Uw
after the ﬂow ﬁeld ﬁrst had evolved into a statistically steady state.
Direct numerical simulation of turbulent plane Couette ﬂow has
been performed in several studies. Before the statistical results of
the simulation in the downstream part of the channel are pre-
sented, it is interesting to compare some primary statistics ob-
tained in the inlet section with the fully-developed Couette ﬂow
data from Bech et al. (1995) for the same Reynolds number. This
is to ensure that the ﬁnite-length time series of velocities recycled
at the input provided realistic fully-developed turbulence in the
upstream section.
In Fig. 2a, the mean velocity proﬁle is plotted at x=h ¼ 7 and is
nearly indistinguishable from that of Bech et al. (1995). The com-
puted turbulent intensities (the root-mean-square of the velocity
ﬂuctuations) are shown in Fig. 2b. The agreement between the
two simulations is very good for the wall-normal and streamwise
components while the streamwise component exhibits a some-
what higher turbulence level in the present case. This modest dif-
ference can be due to different domain sizes and to different grid
spacings. The recent DNS of plane Couette ﬂow at the same Rey-
nolds number by Holstad et al. (2010) was performed with a ﬁner
mesh in a longer and wider domain. The present results in Fig. 2
are almost indistinguishable from their data.
The Kolmogorov length scale g was estimated from the energy
dissipation rate e as ðm3=eÞ1=4. The adopted grid spacing turned out
to never exceed 2g.
4. Flow structures
In this section, we focus on the instantaneous features of turbu-
lent Couette ﬂow over a backward-facing step. The various plots of
the velocity and vorticity ﬁelds presented in this section have been
non-dimensionalized by Uw and Uw=h, respectively.
4.1. Velocity
A snapshot of the ﬂow ﬁeld is shown in Fig. 3, where a three-
dimensional side view of the iso-surfaces of the streamwise veloc-
ity is plotted in Fig. 3a, and a plane parallel to the bottom wall at
yþ  0:083 is shown in Fig. 3b. An overall picture of the separation
scenario can be deduced from the ﬁgure. Starting from the inlet,
the incoming ﬂow separates at the sharp step edge and reattaches
further downstream leading to the formation of a primary recircu-
lation region. Patches of positive ﬂuid velocity ðu  0:01Þ are ob-
served in the region with backward motion ðu < 0Þ and adjacent
to the step in Fig. 3a, thereby identifying a secondary recirculation
region. The interface between the two streams with different
velocities leads to a complex three-dimensional ﬂow structure.
Fig. 3b provides a qualitative impression of the three-dimensional
ﬂow pattern close to the lower-wall. Around x=h  22, it is readily
observed that the reattachment location is not conﬁned to a ﬁxed
streamwise position. Irregular bursts of ﬂuid are formed by the
shear-layer at the moment it strikes the bottom plane. Down-
stream the reattachment, the ﬂow sustains its irregular pattern
as it is convected towards the recovery region. Meanwhile, the pri-
mary recirculation region shows large structures that are aligned
in the spanwise direction with spots of positive ﬂuid velocity ob-
served in-between. These tiny lumps with u > 0 are quenched by
the surrounding backﬂow which is driven by the adverse pressure
gradient.
A cross-sectional view of the individual velocity ﬂuctuations is
shown in Fig. 4. These quantities are deﬁned as the difference be-
tween the instantaneous velocity ﬁeld euiðx; y; z; tÞ and its time-
spanwise average Uiðx; yÞ. The results show that ﬂuctuations reach
around 20% of the wall velocity Uw in the shear-layer and the pri-
mary recirculation zone indicating strong spanwise motions in
these regions. The alternating positive–negative pattern observed
for v downstream of the step indicates the presence of spanwise
vortices. In Fig. 4c, the pseudocolors of w show large elongated
structures that are inclined with respect to the streamwise direc-
tion and persist into the recovery region almost ﬁlling the entire
wall gap.
In Fig. 5, we display a top view of iso-surfaces of positive and
negative streamwise and spanwise ﬂuctuations. Note that the
iso-surfaces of w correspond to the instantaneous spanwise veloc-
ity since there is no mean ﬂow in the z-direction. The ﬂow in Fig. 5a
clearly features streamwise streaks which are generated in the
vicinity of the stepped wall upstream of the corner. These streaky
Table 1
Computational parameters at the inlet section and in the corresponding reference
case (Bech et al., 1995). (The symbol  denotes a division by the channel height in the
inlet section ðH  hÞ.)
Ls L

z Dx
þ Dyþ Dzþ
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Fig. 2. (a) Mean velocity proﬁle at x=h ¼ 7. (b) Turbulent intensities normalized by Uw at x=h ¼ 7: ————, streamwise direction;       , wall-normal direction; – – – –,
spanwise direction. The symbols denote DNS data from Bech et al. (1995).
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staggered Cartesian mesh with non-equidistant grid spacing. The
discretization is second-order accurate in space. A second-order
explicit Adams–Bashforth scheme is used for the time integration.
The Poisson equation for the pressure is solved using a multi-grid
algorithm.
The simulations were started from an arbitrary ﬂow ﬁeld and
thereafter let to evolve to a statistically steady state. The time step
used was Dt ¼ 0:001h=Uw. Statistics were gathered for 396h=Uw
after the ﬂow ﬁeld ﬁrst had evolved into a statistically steady state.
Direct numerical simulation of turbulent plane Couette ﬂow has
been performed in several studies. Before the statistical results of
the simulation in the downstream part of the channel are pre-
sented, it is interesting to compare some primary statistics ob-
tained in the inlet section with the fully-developed Couette ﬂow
data from Bech et al. (1995) for the same Reynolds number. This
is to ensure that the ﬁnite-length time series of velocities recycled
at the input provided realistic fully-developed turbulence in the
upstream section.
In Fig. 2a, the mean velocity proﬁle is plotted at x=h ¼ 7 and is
nearly indistinguishable from that of Bech et al. (1995). The com-
puted turbulent intensities (the root-mean-square of the velocity
ﬂuctuations) are shown in Fig. 2b. The agreement between the
two simulations is very good for the wall-normal and streamwise
components while the streamwise component exhibits a some-
what higher turbulence level in the present case. This modest dif-
ference can be due to different domain sizes and to different grid
spacings. The recent DNS of plane Couette ﬂow at the same Rey-
nolds number by Holstad et al. (2010) was performed with a ﬁner
mesh in a longer and wider domain. The present results in Fig. 2
are almost indistinguishable from their data.
The Kolmogorov length scale g was estimated from the energy
dissipation rate e as ðm3=eÞ1=4. The adopted grid spacing turned out
to never exceed 2g.
4. Flow structures
In this section, we focus on the instantaneous features of turbu-
lent Couette ﬂow over a backward-facing step. The various plots of
the velocity and vorticity ﬁelds presented in this section have been
non-dimensionalized by Uw and Uw=h, respectively.
4.1. Velocity
A snapshot of the ﬂow ﬁeld is shown in Fig. 3, where a three-
dimensional side view of the iso-surfaces of the streamwise veloc-
ity is plotted in Fig. 3a, and a plane parallel to the bottom wall at
yþ  0:083 is shown in Fig. 3b. An overall picture of the separation
scenario can be deduced from the ﬁgure. Starting from the inlet,
the incoming ﬂow separates at the sharp step edge and reattaches
further downstream leading to the formation of a primary recircu-
lation region. Patches of positive ﬂuid velocity ðu  0:01Þ are ob-
served in the region with backward motion ðu < 0Þ and adjacent
to the step in Fig. 3a, thereby identifying a secondary recirculation
region. The interface between the two streams with different
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ﬂow pattern close to the lower-wall. Around x=h  22, it is readily
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streamwise position. Irregular bursts of ﬂuid are formed by the
shear-layer at the moment it strikes the bottom plane. Down-
stream the reattachment, the ﬂow sustains its irregular pattern
as it is convected towards the recovery region. Meanwhile, the pri-
mary recirculation region shows large structures that are aligned
in the spanwise direction with spots of positive ﬂuid velocity ob-
served in-between. These tiny lumps with u > 0 are quenched by
the surrounding backﬂow which is driven by the adverse pressure
gradient.
A cross-sectional view of the individual velocity ﬂuctuations is
shown in Fig. 4. These quantities are deﬁned as the difference be-
tween the instantaneous velocity ﬁeld euiðx; y; z; tÞ and its time-
spanwise average Uiðx; yÞ. The results show that ﬂuctuations reach
around 20% of the wall velocity Uw in the shear-layer and the pri-
mary recirculation zone indicating strong spanwise motions in
these regions. The alternating positive–negative pattern observed
for v downstream of the step indicates the presence of spanwise
vortices. In Fig. 4c, the pseudocolors of w show large elongated
structures that are inclined with respect to the streamwise direc-
tion and persist into the recovery region almost ﬁlling the entire
wall gap.
In Fig. 5, we display a top view of iso-surfaces of positive and
negative streamwise and spanwise ﬂuctuations. Note that the
iso-surfaces of w correspond to the instantaneous spanwise veloc-
ity since there is no mean ﬂow in the z-direction. The ﬂow in Fig. 5a
clearly features streamwise streaks which are generated in the
vicinity of the stepped wall upstream of the corner. These streaky
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staggered Cartesian mesh with non-equidistant grid spacing. The
discretization is second-order accurate in space. A second-order
explicit Adams–Bashforth scheme is used for the time integration.
The Poisson equation for the pressure is solved using a multi-grid
algorithm.
The simulations were started from an arbitrary ﬂow ﬁeld and
thereafter let to evolve to a statistically steady state. The time step
used was Dt ¼ 0:001h=Uw. Statistics were gathered for 396h=Uw
after the ﬂow ﬁeld ﬁrst had evolved into a statistically steady state.
Direct numerical simulation of turbulent plane Couette ﬂow has
been performed in several studies. Before the statistical results of
the simulation in the downstream part of the channel are pre-
sented, it is interesting to compare some primary statistics ob-
tained in the inlet section with the fully-developed Couette ﬂow
data from Bech et al. (1995) for the same Reynolds number. This
is to ensure that the ﬁnite-length time series of velocities recycled
at the input provided realistic fully-developed turbulence in the
upstream section.
In Fig. 2a, the mean velocity proﬁle is plotted at x=h ¼ 7 and is
nearly indistinguishable from that of Bech et al. (1995). The com-
puted turbulent intensities (the root-mean-square of the velocity
ﬂuctuations) are shown in Fig. 2b. The agreement between the
two simulations is very good for the wall-normal and streamwise
components while the streamwise component exhibits a some-
what higher turbulence level in the present case. This modest dif-
ference can be due to different domain sizes and to different grid
spacings. The recent DNS of plane Couette ﬂow at the same Rey-
nolds number by Holstad et al. (2010) was performed with a ﬁner
mesh in a longer and wider domain. The present results in Fig. 2
are almost indistinguishable from their data.
The Kolmogorov length scale g was estimated from the energy
dissipation rate e as ðm3=eÞ1=4. The adopted grid spacing turned out
to never exceed 2g.
4. Flow structures
In this section, we focus on the instantaneous features of turbu-
lent Couette ﬂow over a backward-facing step. The various plots of
the velocity and vorticity ﬁelds presented in this section have been
non-dimensionalized by Uw and Uw=h, respectively.
4.1. Velocity
A snapshot of the ﬂow ﬁeld is shown in Fig. 3, where a three-
dimensional side view of the iso-surfaces of the streamwise veloc-
ity is plotted in Fig. 3a, and a plane parallel to the bottom wall at
yþ  0:083 is shown in Fig. 3b. An overall picture of the separation
scenario can be deduced from the ﬁgure. Starting from the inlet,
the incoming ﬂow separates at the sharp step edge and reattaches
further downstream leading to the formation of a primary recircu-
lation region. Patches of positive ﬂuid velocity ðu  0:01Þ are ob-
served in the region with backward motion ðu < 0Þ and adjacent
to the step in Fig. 3a, thereby identifying a secondary recirculation
region. The interface between the two streams with different
velocities leads to a complex three-dimensional ﬂow structure.
Fig. 3b provides a qualitative impression of the three-dimensional
ﬂow pattern close to the lower-wall. Around x=h  22, it is readily
observed that the reattachment location is not conﬁned to a ﬁxed
streamwise position. Irregular bursts of ﬂuid are formed by the
shear-layer at the moment it strikes the bottom plane. Down-
stream the reattachment, the ﬂow sustains its irregular pattern
as it is convected towards the recovery region. Meanwhile, the pri-
mary recirculation region shows large structures that are aligned
in the spanwise direction with spots of positive ﬂuid velocity ob-
served in-between. These tiny lumps with u > 0 are quenched by
the surrounding backﬂow which is driven by the adverse pressure
gradient.
A cross-sectional view of the individual velocity ﬂuctuations is
shown in Fig. 4. These quantities are deﬁned as the difference be-
tween the instantaneous velocity ﬁeld euiðx; y; z; tÞ and its time-
spanwise average Uiðx; yÞ. The results show that ﬂuctuations reach
around 20% of the wall velocity Uw in the shear-layer and the pri-
mary recirculation zone indicating strong spanwise motions in
these regions. The alternating positive–negative pattern observed
for v downstream of the step indicates the presence of spanwise
vortices. In Fig. 4c, the pseudocolors of w show large elongated
structures that are inclined with respect to the streamwise direc-
tion and persist into the recovery region almost ﬁlling the entire
wall gap.
In Fig. 5, we display a top view of iso-surfaces of positive and
negative streamwise and spanwise ﬂuctuations. Note that the
iso-surfaces of w correspond to the instantaneous spanwise veloc-
ity since there is no mean ﬂow in the z-direction. The ﬂow in Fig. 5a
clearly features streamwise streaks which are generated in the
vicinity of the stepped wall upstream of the corner. These streaky
Table 1
Computational parameters at the inlet section and in the corresponding reference
case (Bech et al., 1995). (The symbol  denotes a division by the channel height in the
inlet section ðH  hÞ.)
Ls L
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Fig. 2. (a) Mean velocity proﬁle at x=h ¼ 7. (b) Turbulent intensities normalized by Uw at x=h ¼ 7: ————, streamwise direction;       , wall-normal direction; – – – –,
spanwise direction. The symbols denote DNS data from Bech et al. (1995).
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staggered Cartesian mesh with non-equidistant grid spacing. The
discretization is second-order accurate in space. A second-order
explicit Adams–Bashforth scheme is used for the time integration.
The Poisson equation for the pressure is solved using a multi-grid
algorithm.
The simulations were started from an arbitrary ﬂow ﬁeld and
thereafter let to evolve to a statistically steady state. The time step
used was Dt ¼ 0:001h=Uw. Statistics were gathered for 396h=Uw
after the ﬂow ﬁeld ﬁrst had evolved into a statistically steady state.
Direct numerical simulation of turbulent plane Couette ﬂow has
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the simulation in the downstream part of the channel are pre-
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ﬂuctuations) are shown in Fig. 2b. The agreement between the
two simulations is very good for the wall-normal and streamwise
components while the streamwise component exhibits a some-
what higher turbulence level in the present case. This modest dif-
ference can be due to different domain sizes and to different grid
spacings. The recent DNS of plane Couette ﬂow at the same Rey-
nolds number by Holstad et al. (2010) was performed with a ﬁner
mesh in a longer and wider domain. The present results in Fig. 2
are almost indistinguishable from their data.
The Kolmogorov length scale g was estimated from the energy
dissipation rate e as ðm3=eÞ1=4. The adopted grid spacing turned out
to never exceed 2g.
4. Flow structures
In this section, we focus on the instantaneous features of turbu-
lent Couette ﬂow over a backward-facing step. The various plots of
the velocity and vorticity ﬁelds presented in this section have been
non-dimensionalized by Uw and Uw=h, respectively.
4.1. Velocity
A snapshot of the ﬂow ﬁeld is shown in Fig. 3, where a three-
dimensional side view of the iso-surfaces of the streamwise veloc-
ity is plotted in Fig. 3a, and a plane parallel to the bottom wall at
yþ  0:083 is shown in Fig. 3b. An overall picture of the separation
scenario can be deduced from the ﬁgure. Starting from the inlet,
the incoming ﬂow separates at the sharp step edge and reattaches
further downstream leading to the formation of a primary recircu-
lation region. Patches of positive ﬂuid velocity ðu  0:01Þ are ob-
served in the region with backward motion ðu < 0Þ and adjacent
to the step in Fig. 3a, thereby identifying a secondary recirculation
region. The interface between the two streams with different
velocities leads to a complex three-dimensional ﬂow structure.
Fig. 3b provides a qualitative impression of the three-dimensional
ﬂow pattern close to the lower-wall. Around x=h  22, it is readily
observed that the reattachment location is not conﬁned to a ﬁxed
streamwise position. Irregular bursts of ﬂuid are formed by the
shear-layer at the moment it strikes the bottom plane. Down-
stream the reattachment, the ﬂow sustains its irregular pattern
as it is convected towards the recovery region. Meanwhile, the pri-
mary recirculation region shows large structures that are aligned
in the spanwise direction with spots of positive ﬂuid velocity ob-
served in-between. These tiny lumps with u > 0 are quenched by
the surrounding backﬂow which is driven by the adverse pressure
gradient.
A cross-sectional view of the individual velocity ﬂuctuations is
shown in Fig. 4. These quantities are deﬁned as the difference be-
tween the instantaneous velocity ﬁeld euiðx; y; z; tÞ and its time-
spanwise average Uiðx; yÞ. The results show that ﬂuctuations reach
around 20% of the wall velocity Uw in the shear-layer and the pri-
mary recirculation zone indicating strong spanwise motions in
these regions. The alternating positive–negative pattern observed
for v downstream of the step indicates the presence of spanwise
vortices. In Fig. 4c, the pseudocolors of w show large elongated
structures that are inclined with respect to the streamwise direc-
tion and persist into the recovery region almost ﬁlling the entire
wall gap.
In Fig. 5, we display a top view of iso-surfaces of positive and
negative streamwise and spanwise ﬂuctuations. Note that the
iso-surfaces of w correspond to the instantaneous spanwise veloc-
ity since there is no mean ﬂow in the z-direction. The ﬂow in Fig. 5a
clearly features streamwise streaks which are generated in the
vicinity of the stepped wall upstream of the corner. These streaky
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structures grow in width downstream of the step and remain dis-
cernible even 15h downstream of the corner. In the same region,
the iso-surfaces of w show lumps of positive and negative motions.
These ﬂuctuations do not exhibit the same streamwise coherence
as the streamwise velocity ﬂuctuations.
4.2. Vorticity
Transverse vortices are a commonly observed feature in back-
ward-facing step ﬂows, where the underlying mechanism in the
formation of such vortical structures downstream of the step is a
Kelvin–Helmholtz instability. These instabilities arise from the
interaction between the shear-layer and the recirculating region
near the step. This interface between the high- and low-speed ﬂuid
region, being unstable, leads to such a vortex formation. In order to
see whether or not K–H vortices are embedded in the present ﬂow
ﬁeld, the instantaneous iso-surfaces of enstrophy are plotted in an
ðx; yÞ-plane in Fig. 6. There is an apparent roll-up of the shear-layer
behind the step edge, where the unsteady K–H vortices are gener-
ated and break up into numerous small high-intensity vortices as
they are transported downstream.
All turbulent ﬂows exhibit high levels of vorticity ﬂuctuations.
The instantaneous vorticity fxi is decomposed into a mean vorticity
Xi and vorticity ﬂuctuations xi : fxi ¼ Xi þxi; xi ¼ 0. The present
mean ﬂow is statistically two-dimensional and entirely in the
ðx; yÞ-plane. Then Xx and Xy are zero, so that the only non-zero
mean vorticity component is Xz. Pseudocolors of vorticity ﬂuctua-
tions are shown in Fig. 7. In contrast with the rather different pat-
terns of the streamwise, wall-normal and spanwise velocity
components in Fig. 4, the topology of the three components of
the ﬂuctuating vorticity vector in Fig. 7 is rather similar. Since
the ﬂuctuating vorticity ﬁeld is associated with small-scale eddies,
the vorticity ﬁeld is only modestly affected by the anisotropic geo-
metric constraints which enforce a substantial anisotropy on the
velocity ﬂuctuations.
A cross-stream view of the vortical structures from x=h ¼ 15 is
shown in Fig. 8a. These structures are extracted by using the k2 def-
inition proposed by Jeong and Hussian (1995) in which a vortex
core is identiﬁed as a connected region of negative k2. Here, k2 cor-
responds to the second largest eigenvalue of the tensor
SijSij þXijXij, where Sij and Xij represent the symmetric and anti-
symmetric parts of the velocity gradient tensor, respectively. In
the secondary recirculation region large elongated structures are
observed in contrast to the upper part of the channel that is ﬁlled
with numerous small high-intensity vortices. To obtain a more de-
tailed view on the ﬂow in this region, the instantaneous ﬂow in a
vertical plane is shown in Fig. 8b at a distance h from the step.
The highest turbulent activity is in the shear-layer which is com-
posed of streamwise vortices, whereas in the secondary recircula-
tion region the ﬂow shows surprisingly strong spanwise motions.
Fig. 3. Instantaneous streamwise velocity. (a) Contour levels: red 0.5, yellow 0.2,
cyan 0.01, blue 0.03 and (b) top view at yþ ¼ 0:083.
Fig. 4. Instantaneous velocity ﬂuctuations in an ðx; yÞ-plane at z ¼ Lz=2. (a)
Streamwise component; (b) wall-normal component; (c) spanwise component.
Fig. 5. Top view of iso-surfaces of positive (light) and negative (dark) velocity
ﬂuctuations. (a) Streamwise component and (b) spanwise component.
Fig. 6. Instantaneous enstrophy contours in an ðx; yÞ-plane at z ¼ Lz=2.
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structures grow in width downstream of the step and remain dis-
cernible even 15h downstream of the corner. In the same region,
the iso-surfaces of w show lumps of positive and negative motions.
These ﬂuctuations do not exhibit the same streamwise coherence
as the streamwise velocity ﬂuctuations.
4.2. Vorticity
Transverse vortices are a commonly observed feature in back-
ward-facing step ﬂows, where the underlying mechanism in the
formation of such vortical structures downstream of the step is a
Kelvin–Helmholtz instability. These instabilities arise from the
interaction between the shear-layer and the recirculating region
near the step. This interface between the high- and low-speed ﬂuid
region, being unstable, leads to such a vortex formation. In order to
see whether or not K–H vortices are embedded in the present ﬂow
ﬁeld, the instantaneous iso-surfaces of enstrophy are plotted in an
ðx; yÞ-plane in Fig. 6. There is an apparent roll-up of the shear-layer
behind the step edge, where the unsteady K–H vortices are gener-
ated and break up into numerous small high-intensity vortices as
they are transported downstream.
All turbulent ﬂows exhibit high levels of vorticity ﬂuctuations.
The instantaneous vorticity fxi is decomposed into a mean vorticity
Xi and vorticity ﬂuctuations xi : fxi ¼ Xi þxi; xi ¼ 0. The present
mean ﬂow is statistically two-dimensional and entirely in the
ðx; yÞ-plane. Then Xx and Xy are zero, so that the only non-zero
mean vorticity component is Xz. Pseudocolors of vorticity ﬂuctua-
tions are shown in Fig. 7. In contrast with the rather different pat-
terns of the streamwise, wall-normal and spanwise velocity
components in Fig. 4, the topology of the three components of
the ﬂuctuating vorticity vector in Fig. 7 is rather similar. Since
the ﬂuctuating vorticity ﬁeld is associated with small-scale eddies,
the vorticity ﬁeld is only modestly affected by the anisotropic geo-
metric constraints which enforce a substantial anisotropy on the
velocity ﬂuctuations.
A cross-stream view of the vortical structures from x=h ¼ 15 is
shown in Fig. 8a. These structures are extracted by using the k2 def-
inition proposed by Jeong and Hussian (1995) in which a vortex
core is identiﬁed as a connected region of negative k2. Here, k2 cor-
responds to the second largest eigenvalue of the tensor
SijSij þXijXij, where Sij and Xij represent the symmetric and anti-
symmetric parts of the velocity gradient tensor, respectively. In
the secondary recirculation region large elongated structures are
observed in contrast to the upper part of the channel that is ﬁlled
with numerous small high-intensity vortices. To obtain a more de-
tailed view on the ﬂow in this region, the instantaneous ﬂow in a
vertical plane is shown in Fig. 8b at a distance h from the step.
The highest turbulent activity is in the shear-layer which is com-
posed of streamwise vortices, whereas in the secondary recircula-
tion region the ﬂow shows surprisingly strong spanwise motions.
Fig. 3. Instantaneous streamwise velocity. (a) Contour levels: red 0.5, yellow 0.2,
cyan 0.01, blue 0.03 and (b) top view at yþ ¼ 0:083.
Fig. 4. Instantaneous velocity ﬂuctuations in an ðx; yÞ-plane at z ¼ Lz=2. (a)
Streamwise component; (b) wall-normal component; (c) spanwise component.
Fig. 5. Top view of iso-surfaces of positive (light) and negative (dark) velocity
ﬂuctuations. (a) Streamwise component and (b) spanwise component.
Fig. 6. Instantaneous enstrophy contours in an ðx; yÞ-plane at z ¼ Lz=2.
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structures grow in width downstream of the step and remain dis-
cernible even 15h downstream of the corner. In the same region,
the iso-surfaces of w show lumps of positive and negative motions.
These ﬂuctuations do not exhibit the same streamwise coherence
as the streamwise velocity ﬂuctuations.
4.2. Vorticity
Transverse vortices are a commonly observed feature in back-
ward-facing step ﬂows, where the underlying mechanism in the
formation of such vortical structures downstream of the step is a
Kelvin–Helmholtz instability. These instabilities arise from the
interaction between the shear-layer and the recirculating region
near the step. This interface between the high- and low-speed ﬂuid
region, being unstable, leads to such a vortex formation. In order to
see whether or not K–H vortices are embedded in the present ﬂow
ﬁeld, the instantaneous iso-surfaces of enstrophy are plotted in an
ðx; yÞ-plane in Fig. 6. There is an apparent roll-up of the shear-layer
behind the step edge, where the unsteady K–H vortices are gener-
ated and break up into numerous small high-intensity vortices as
they are transported downstream.
All turbulent ﬂows exhibit high levels of vorticity ﬂuctuations.
The instantaneous vorticity fxi is decomposed into a mean vorticity
Xi and vorticity ﬂuctuations xi : fxi ¼ Xi þxi; xi ¼ 0. The present
mean ﬂow is statistically two-dimensional and entirely in the
ðx; yÞ-plane. Then Xx and Xy are zero, so that the only non-zero
mean vorticity component is Xz. Pseudocolors of vorticity ﬂuctua-
tions are shown in Fig. 7. In contrast with the rather different pat-
terns of the streamwise, wall-normal and spanwise velocity
components in Fig. 4, the topology of the three components of
the ﬂuctuating vorticity vector in Fig. 7 is rather similar. Since
the ﬂuctuating vorticity ﬁeld is associated with small-scale eddies,
the vorticity ﬁeld is only modestly affected by the anisotropic geo-
metric constraints which enforce a substantial anisotropy on the
velocity ﬂuctuations.
A cross-stream view of the vortical structures from x=h ¼ 15 is
shown in Fig. 8a. These structures are extracted by using the k2 def-
inition proposed by Jeong and Hussian (1995) in which a vortex
core is identiﬁed as a connected region of negative k2. Here, k2 cor-
responds to the second largest eigenvalue of the tensor
SijSij þXijXij, where Sij and Xij represent the symmetric and anti-
symmetric parts of the velocity gradient tensor, respectively. In
the secondary recirculation region large elongated structures are
observed in contrast to the upper part of the channel that is ﬁlled
with numerous small high-intensity vortices. To obtain a more de-
tailed view on the ﬂow in this region, the instantaneous ﬂow in a
vertical plane is shown in Fig. 8b at a distance h from the step.
The highest turbulent activity is in the shear-layer which is com-
posed of streamwise vortices, whereas in the secondary recircula-
tion region the ﬂow shows surprisingly strong spanwise motions.
Fig. 3. Instantaneous streamwise velocity. (a) Contour levels: red 0.5, yellow 0.2,
cyan 0.01, blue 0.03 and (b) top view at yþ ¼ 0:083.
Fig. 4. Instantaneous velocity ﬂuctuations in an ðx; yÞ-plane at z ¼ Lz=2. (a)
Streamwise component; (b) wall-normal component; (c) spanwise component.
Fig. 5. Top view of iso-surfaces of positive (light) and negative (dark) velocity
ﬂuctuations. (a) Streamwise component and (b) spanwise component.
Fig. 6. Instantaneous enstrophy contours in an ðx; yÞ-plane at z ¼ Lz=2.
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structures grow in width downstream of the step and remain dis-
cernible even 15h downstream of the corner. In the same region,
the iso-surfaces of w show lumps of positive and negative motions.
These ﬂuctuations do not exhibit the same streamwise coherence
as the streamwise velocity ﬂuctuations.
4.2. Vorticity
Transverse vortices are a commonly observed feature in back-
ward-facing step ﬂows, where the underlying mechanism in the
formation of such vortical structures downstream of the step is a
Kelvin–Helmholtz instability. These instabilities arise from the
interaction between the shear-layer and the recirculating region
near the step. This interface between the high- and low-speed ﬂuid
region, being unstable, leads to such a vortex formation. In order to
see whether or not K–H vortices are embedded in the present ﬂow
ﬁeld, the instantaneous iso-surfaces of enstrophy are plotted in an
ðx; yÞ-plane in Fig. 6. There is an apparent roll-up of the shear-layer
behind the step edge, where the unsteady K–H vortices are gener-
ated and break up into numerous small high-intensity vortices as
they are transported downstream.
All turbulent ﬂows exhibit high levels of vorticity ﬂuctuations.
The instantaneous vorticity fxi is decomposed into a mean vorticity
Xi and vorticity ﬂuctuations xi : fxi ¼ Xi þxi; xi ¼ 0. The present
mean ﬂow is statistically two-dimensional and entirely in the
ðx; yÞ-plane. Then Xx and Xy are zero, so that the only non-zero
mean vorticity component is Xz. Pseudocolors of vorticity ﬂuctua-
tions are shown in Fig. 7. In contrast with the rather different pat-
terns of the streamwise, wall-normal and spanwise velocity
components in Fig. 4, the topology of the three components of
the ﬂuctuating vorticity vector in Fig. 7 is rather similar. Since
the ﬂuctuating vorticity ﬁeld is associated with small-scale eddies,
the vorticity ﬁeld is only modestly affected by the anisotropic geo-
metric constraints which enforce a substantial anisotropy on the
velocity ﬂuctuations.
A cross-stream view of the vortical structures from x=h ¼ 15 is
shown in Fig. 8a. These structures are extracted by using the k2 def-
inition proposed by Jeong and Hussian (1995) in which a vortex
core is identiﬁed as a connected region of negative k2. Here, k2 cor-
responds to the second largest eigenvalue of the tensor
SijSij þXijXij, where Sij and Xij represent the symmetric and anti-
symmetric parts of the velocity gradient tensor, respectively. In
the secondary recirculation region large elongated structures are
observed in contrast to the upper part of the channel that is ﬁlled
with numerous small high-intensity vortices. To obtain a more de-
tailed view on the ﬂow in this region, the instantaneous ﬂow in a
vertical plane is shown in Fig. 8b at a distance h from the step.
The highest turbulent activity is in the shear-layer which is com-
posed of streamwise vortices, whereas in the secondary recircula-
tion region the ﬂow shows surprisingly strong spanwise motions.
Fig. 3. Instantaneous streamwise velocity. (a) Contour levels: red 0.5, yellow 0.2,
cyan 0.01, blue 0.03 and (b) top view at yþ ¼ 0:083.
Fig. 4. Instantaneous velocity ﬂuctuations in an ðx; yÞ-plane at z ¼ Lz=2. (a)
Streamwise component; (b) wall-normal component; (c) spanwise component.
Fig. 5. Top view of iso-surfaces of positive (light) and negative (dark) velocity
ﬂuctuations. (a) Streamwise component and (b) spanwise component.
Fig. 6. Instantaneous enstrophy contours in an ðx; yÞ-plane at z ¼ Lz=2.
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Although the ﬂuid motion in the lee of the step is relatively calm,
the ﬂow is by no means laminar.
5. Mean ﬂow and turbulence statistics
The BFS simulation was performed at Re ¼ 5200 which led to
Resi  166 based on the step height h and the upstream friction
velocity usi. Some comparisons will be made with the hot-wire
data of Morinishi (2007) at Resi  300 and expansion ratio 3:2.
5.1. Mean statistics
From pressure-driven BFS ﬂows it is known that the unsteady
behaviour of the shear-layer causes the reattachment line to ﬂuc-
tuate around a mean value XR, see e.g. Friedrich and Arnal
(1990). The streamline pattern of the mean ﬂow in Fig. 9 shows a
large primary separation bubble which extends about 7:5h down-
stream of the step. A secondary bubble of length 1:78h can be ob-
served adjacent to the corner. The skin friction coefﬁcient, deﬁned
as Cf ¼ sw= 12qu2si, is shown in Fig. 10 and conﬁrms that a secondary
separation bubble with anti-clockwise ﬂow ðCf > 0Þ is embedded
within the primary separation bubble with clockwise motion
ðCf < 0Þ. This ﬂow pattern is consistent with the ﬁndings of Morin-
ishi (2007) who reported that reattachment occurred at
XR ¼ 6:63h 1:4h and the secondary bubble was at 1:88h 0:4h.
Downstream of x=h ¼ 30; Cf is almost constant along both walls,
but with the wall-friction along the moving surface being about
10 times higher than at the lower surface. This suggests a substan-
tial asymmetry of the mean velocity ﬁeld.
The local wall pressure coefﬁcient is deﬁned as
Cp ¼ P  Po1
2qu
2
si
ð3Þ
where Po is a reference pressure taken at x=h ¼ 0. In Fig. 11, Cp is
shown together with the corresponding values from Morinishi
(2007) for Couette ﬂow over a backward-facing step. The agreement
between the computational and experimental results is very good.
The local wall pressure coefﬁcient exhibits a local minimum close
to the position of maximum backﬂow (i.e. beneath the core of the
primary separation bubble), just as in the pressure-driven BFS ﬂow;
Barri et al. (2010). Downstream of x=h ¼ 30, an almost linear varia-
tion of Cp is observed for the two cases. This implies that the
streamwise mean pressure gradient has become independent of x,
in keeping with the measurements of Morinishi (2007), and the
ﬂow ﬁeld can be considered as being nearly fully-developed in
the downstream part of the computational domain. This is also con-
sistent with the constancy of Cf observed in Fig. 10.
The mean velocity proﬁles are presented in Figs. 12 and 13 for
the streamwise and wall-normal components at different repre-
sentative locations: inside the secondary bubble, through the pri-
mary recirculation, downstream of the reattachment and in the
recovery region. In the recirculation region the strongest backﬂow
is observed beneath the core of the primary bubble, whereas the
secondary separation region shows a weak mean-streamwise
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Fig. 10. Skin friction coefﬁcient variation downstream the step: ————, lower-wall;
– – – –, upper-wall (divided by a factor of 10).
Fig. 7. Instantaneous vorticity ﬂuctuations in an ðx; yÞ-plane at z ¼ Lz=2. (a)
Streamwise component; (b) wall-normal component; (c) spanwise component.
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Fig. 8. (a) Cross-stream view of k2 structures taken from x=h ¼ 15. (b) Cross-
stream plane at x=h ¼ 16. The velocity vectors represent spanwise and wall-normal
velocities.
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Fig. 9. Streamlines of the mean ﬂow.
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Fig. 11. Pressure coefﬁcient variation downstream the step: ————, lower-wall; – –
– –, upper-wall. The symbols denote lower-wall data from Morinishi (2007), case
C300.
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Although the ﬂuid motion in the lee of the step is relatively calm,
the ﬂow is by no means laminar.
5. Mean ﬂow and turbulence statistics
The BFS simulation was performed at Re ¼ 5200 which led to
Resi  166 based on the step height h and the upstream friction
velocity usi. Some comparisons will be made with the hot-wire
data of Morinishi (2007) at Resi  300 and expansion ratio 3:2.
5.1. Mean statistics
From pressure-driven BFS ﬂows it is known that the unsteady
behaviour of the shear-layer causes the reattachment line to ﬂuc-
tuate around a mean value XR, see e.g. Friedrich and Arnal
(1990). The streamline pattern of the mean ﬂow in Fig. 9 shows a
large primary separation bubble which extends about 7:5h down-
stream of the step. A secondary bubble of length 1:78h can be ob-
served adjacent to the corner. The skin friction coefﬁcient, deﬁned
as Cf ¼ sw= 12qu2si, is shown in Fig. 10 and conﬁrms that a secondary
separation bubble with anti-clockwise ﬂow ðCf > 0Þ is embedded
within the primary separation bubble with clockwise motion
ðCf < 0Þ. This ﬂow pattern is consistent with the ﬁndings of Morin-
ishi (2007) who reported that reattachment occurred at
XR ¼ 6:63h 1:4h and the secondary bubble was at 1:88h 0:4h.
Downstream of x=h ¼ 30; Cf is almost constant along both walls,
but with the wall-friction along the moving surface being about
10 times higher than at the lower surface. This suggests a substan-
tial asymmetry of the mean velocity ﬁeld.
The local wall pressure coefﬁcient is deﬁned as
Cp ¼ P  Po1
2qu
2
si
ð3Þ
where Po is a reference pressure taken at x=h ¼ 0. In Fig. 11, Cp is
shown together with the corresponding values from Morinishi
(2007) for Couette ﬂow over a backward-facing step. The agreement
between the computational and experimental results is very good.
The local wall pressure coefﬁcient exhibits a local minimum close
to the position of maximum backﬂow (i.e. beneath the core of the
primary separation bubble), just as in the pressure-driven BFS ﬂow;
Barri et al. (2010). Downstream of x=h ¼ 30, an almost linear varia-
tion of Cp is observed for the two cases. This implies that the
streamwise mean pressure gradient has become independent of x,
in keeping with the measurements of Morinishi (2007), and the
ﬂow ﬁeld can be considered as being nearly fully-developed in
the downstream part of the computational domain. This is also con-
sistent with the constancy of Cf observed in Fig. 10.
The mean velocity proﬁles are presented in Figs. 12 and 13 for
the streamwise and wall-normal components at different repre-
sentative locations: inside the secondary bubble, through the pri-
mary recirculation, downstream of the reattachment and in the
recovery region. In the recirculation region the strongest backﬂow
is observed beneath the core of the primary bubble, whereas the
secondary separation region shows a weak mean-streamwise
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Although the ﬂuid motion in the lee of the step is relatively calm,
the ﬂow is by no means laminar.
5. Mean ﬂow and turbulence statistics
The BFS simulation was performed at Re ¼ 5200 which led to
Resi  166 based on the step height h and the upstream friction
velocity usi. Some comparisons will be made with the hot-wire
data of Morinishi (2007) at Resi  300 and expansion ratio 3:2.
5.1. Mean statistics
From pressure-driven BFS ﬂows it is known that the unsteady
behaviour of the shear-layer causes the reattachment line to ﬂuc-
tuate around a mean value XR, see e.g. Friedrich and Arnal
(1990). The streamline pattern of the mean ﬂow in Fig. 9 shows a
large primary separation bubble which extends about 7:5h down-
stream of the step. A secondary bubble of length 1:78h can be ob-
served adjacent to the corner. The skin friction coefﬁcient, deﬁned
as Cf ¼ sw= 12qu2si, is shown in Fig. 10 and conﬁrms that a secondary
separation bubble with anti-clockwise ﬂow ðCf > 0Þ is embedded
within the primary separation bubble with clockwise motion
ðCf < 0Þ. This ﬂow pattern is consistent with the ﬁndings of Morin-
ishi (2007) who reported that reattachment occurred at
XR ¼ 6:63h 1:4h and the secondary bubble was at 1:88h 0:4h.
Downstream of x=h ¼ 30; Cf is almost constant along both walls,
but with the wall-friction along the moving surface being about
10 times higher than at the lower surface. This suggests a substan-
tial asymmetry of the mean velocity ﬁeld.
The local wall pressure coefﬁcient is deﬁned as
Cp ¼ P  Po1
2qu
2
si
ð3Þ
where Po is a reference pressure taken at x=h ¼ 0. In Fig. 11, Cp is
shown together with the corresponding values from Morinishi
(2007) for Couette ﬂow over a backward-facing step. The agreement
between the computational and experimental results is very good.
The local wall pressure coefﬁcient exhibits a local minimum close
to the position of maximum backﬂow (i.e. beneath the core of the
primary separation bubble), just as in the pressure-driven BFS ﬂow;
Barri et al. (2010). Downstream of x=h ¼ 30, an almost linear varia-
tion of Cp is observed for the two cases. This implies that the
streamwise mean pressure gradient has become independent of x,
in keeping with the measurements of Morinishi (2007), and the
ﬂow ﬁeld can be considered as being nearly fully-developed in
the downstream part of the computational domain. This is also con-
sistent with the constancy of Cf observed in Fig. 10.
The mean velocity proﬁles are presented in Figs. 12 and 13 for
the streamwise and wall-normal components at different repre-
sentative locations: inside the secondary bubble, through the pri-
mary recirculation, downstream of the reattachment and in the
recovery region. In the recirculation region the strongest backﬂow
is observed beneath the core of the primary bubble, whereas the
secondary separation region shows a weak mean-streamwise
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Although the ﬂuid motion in the lee of the step is relatively calm,
the ﬂow is by no means laminar.
5. Mean ﬂow and turbulence statistics
The BFS simulation was performed at Re ¼ 5200 which led to
Resi  166 based on the step height h and the upstream friction
velocity usi. Some comparisons will be made with the hot-wire
data of Morinishi (2007) at Resi  300 and expansion ratio 3:2.
5.1. Mean statistics
From pressure-driven BFS ﬂows it is known that the unsteady
behaviour of the shear-layer causes the reattachment line to ﬂuc-
tuate around a mean value XR, see e.g. Friedrich and Arnal
(1990). The streamline pattern of the mean ﬂow in Fig. 9 shows a
large primary separation bubble which extends about 7:5h down-
stream of the step. A secondary bubble of length 1:78h can be ob-
served adjacent to the corner. The skin friction coefﬁcient, deﬁned
as Cf ¼ sw= 12qu2si, is shown in Fig. 10 and conﬁrms that a secondary
separation bubble with anti-clockwise ﬂow ðCf > 0Þ is embedded
within the primary separation bubble with clockwise motion
ðCf < 0Þ. This ﬂow pattern is consistent with the ﬁndings of Morin-
ishi (2007) who reported that reattachment occurred at
XR ¼ 6:63h 1:4h and the secondary bubble was at 1:88h 0:4h.
Downstream of x=h ¼ 30; Cf is almost constant along both walls,
but with the wall-friction along the moving surface being about
10 times higher than at the lower surface. This suggests a substan-
tial asymmetry of the mean velocity ﬁeld.
The local wall pressure coefﬁcient is deﬁned as
Cp ¼ P  Po1
2qu
2
si
ð3Þ
where Po is a reference pressure taken at x=h ¼ 0. In Fig. 11, Cp is
shown together with the corresponding values from Morinishi
(2007) for Couette ﬂow over a backward-facing step. The agreement
between the computational and experimental results is very good.
The local wall pressure coefﬁcient exhibits a local minimum close
to the position of maximum backﬂow (i.e. beneath the core of the
primary separation bubble), just as in the pressure-driven BFS ﬂow;
Barri et al. (2010). Downstream of x=h ¼ 30, an almost linear varia-
tion of Cp is observed for the two cases. This implies that the
streamwise mean pressure gradient has become independent of x,
in keeping with the measurements of Morinishi (2007), and the
ﬂow ﬁeld can be considered as being nearly fully-developed in
the downstream part of the computational domain. This is also con-
sistent with the constancy of Cf observed in Fig. 10.
The mean velocity proﬁles are presented in Figs. 12 and 13 for
the streamwise and wall-normal components at different repre-
sentative locations: inside the secondary bubble, through the pri-
mary recirculation, downstream of the reattachment and in the
recovery region. In the recirculation region the strongest backﬂow
is observed beneath the core of the primary bubble, whereas the
secondary separation region shows a weak mean-streamwise
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motion. Although the characteristic S-shape of the mean velocity
proﬁle Uðx; yÞ has been retained at x=h ¼ 27, the proﬁle is yet far
from being anti-symmetric. Midway between the walls U is still
roughly half of Uw=2 which should have been reached in the case
a fully redeveloped Couette ﬂow. However, irrespective of the
length of the domain that can be used in the downstream part of
the channel, an anti-symmetric proﬁle corresponding to a fully
redeveloped Couette ﬂow will not be reached. This is due to the
principle of mass conservation. It follows that since the height of
the domain after the step is twice that of the inlet section and
the mean velocity proﬁle of Couette ﬂow is monotonically increas-
ing to a constant value of Uw, the ﬂow cannot adjust itself to an
anti-symmetric S-proﬁle shape and at the same time maintain a
constant ﬂow rate.
An examination of the mean wall-normal velocity proﬁles
Vðx; yÞ presented in Fig. 13 shows that the ﬂow emanating from
the step corner exhibits an upward motion in the lower half of
the channel and a downward ﬂow above y=h  1. The distinct
positive V at x=h ¼ 16 results from the primary recirculation bub-
ble, in which the return ﬂow has separated from the wall at
x=h  16:8. This pattern is sustained up till x=h  18, where after-
wards a relatively strong downward motion is solely observed
above the remaining part of the recirculation zone. Downstream
of the reattachment region, the mean wall-normal velocity is
attenuated.
5.2. Turbulence intensities and Reynolds shear stress
The turbulence intensities and the Reynolds shear stress are
shown in Figs. 14 and 15 at different streamwise locations down-
stream the step. The rms values and uv exhibit a high turbulence
level immediately downstream of the corner of the step at y=h  1.
This localized high-turbulence zone, mainly for urms, is obviously
caused by the locally high mean-shear-rate in the shear-layer ema-
nating from the step edge. As the ﬂow progresses downstream, the
streamwise turbulence intensity peaks are broadened and attenu-
ated while the turbulence levels of the spanwise and wall-normal
components increase. Downstream the reattachment and in the
recovery region, the asymmetry in urms persists, where a substan-
tially higher longitudinal turbulence intensity is observed near
the moving wall that is almost twice that seen near the stationary
wall. Apart from the secondary recirculation region, where
wrms > urms > v rms, the turbulence exhibits everywhere the usual
shear-ﬂow anisotropy with the streamwise intensity being the
most signiﬁcant. The ﬂow anisotropy was not accessible with the
I-type hot-wire used in Morinishi’s (2007) measurements since
only urms could be obtained.
The proﬁles of uv show that the Reynolds shear stress is posi-
tive almost throughout the whole domain. The distinct positive
peak of uv is typical of a turbulent mixing-layer. The peak broad-
ens with downstream distance but remains discernible above the
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motion. Although the characteristic S-shape of the mean velocity
proﬁle Uðx; yÞ has been retained at x=h ¼ 27, the proﬁle is yet far
from being anti-symmetric. Midway between the walls U is still
roughly half of Uw=2 which should have been reached in the case
a fully redeveloped Couette ﬂow. However, irrespective of the
length of the domain that can be used in the downstream part of
the channel, an anti-symmetric proﬁle corresponding to a fully
redeveloped Couette ﬂow will not be reached. This is due to the
principle of mass conservation. It follows that since the height of
the domain after the step is twice that of the inlet section and
the mean velocity proﬁle of Couette ﬂow is monotonically increas-
ing to a constant value of Uw, the ﬂow cannot adjust itself to an
anti-symmetric S-proﬁle shape and at the same time maintain a
constant ﬂow rate.
An examination of the mean wall-normal velocity proﬁles
Vðx; yÞ presented in Fig. 13 shows that the ﬂow emanating from
the step corner exhibits an upward motion in the lower half of
the channel and a downward ﬂow above y=h  1. The distinct
positive V at x=h ¼ 16 results from the primary recirculation bub-
ble, in which the return ﬂow has separated from the wall at
x=h  16:8. This pattern is sustained up till x=h  18, where after-
wards a relatively strong downward motion is solely observed
above the remaining part of the recirculation zone. Downstream
of the reattachment region, the mean wall-normal velocity is
attenuated.
5.2. Turbulence intensities and Reynolds shear stress
The turbulence intensities and the Reynolds shear stress are
shown in Figs. 14 and 15 at different streamwise locations down-
stream the step. The rms values and uv exhibit a high turbulence
level immediately downstream of the corner of the step at y=h  1.
This localized high-turbulence zone, mainly for urms, is obviously
caused by the locally high mean-shear-rate in the shear-layer ema-
nating from the step edge. As the ﬂow progresses downstream, the
streamwise turbulence intensity peaks are broadened and attenu-
ated while the turbulence levels of the spanwise and wall-normal
components increase. Downstream the reattachment and in the
recovery region, the asymmetry in urms persists, where a substan-
tially higher longitudinal turbulence intensity is observed near
the moving wall that is almost twice that seen near the stationary
wall. Apart from the secondary recirculation region, where
wrms > urms > v rms, the turbulence exhibits everywhere the usual
shear-ﬂow anisotropy with the streamwise intensity being the
most signiﬁcant. The ﬂow anisotropy was not accessible with the
I-type hot-wire used in Morinishi’s (2007) measurements since
only urms could be obtained.
The proﬁles of uv show that the Reynolds shear stress is posi-
tive almost throughout the whole domain. The distinct positive
peak of uv is typical of a turbulent mixing-layer. The peak broad-
ens with downstream distance but remains discernible above the
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motion. Although the characteristic S-shape of the mean velocity
proﬁle Uðx; yÞ has been retained at x=h ¼ 27, the proﬁle is yet far
from being anti-symmetric. Midway between the walls U is still
roughly half of Uw=2 which should have been reached in the case
a fully redeveloped Couette ﬂow. However, irrespective of the
length of the domain that can be used in the downstream part of
the channel, an anti-symmetric proﬁle corresponding to a fully
redeveloped Couette ﬂow will not be reached. This is due to the
principle of mass conservation. It follows that since the height of
the domain after the step is twice that of the inlet section and
the mean velocity proﬁle of Couette ﬂow is monotonically increas-
ing to a constant value of Uw, the ﬂow cannot adjust itself to an
anti-symmetric S-proﬁle shape and at the same time maintain a
constant ﬂow rate.
An examination of the mean wall-normal velocity proﬁles
Vðx; yÞ presented in Fig. 13 shows that the ﬂow emanating from
the step corner exhibits an upward motion in the lower half of
the channel and a downward ﬂow above y=h  1. The distinct
positive V at x=h ¼ 16 results from the primary recirculation bub-
ble, in which the return ﬂow has separated from the wall at
x=h  16:8. This pattern is sustained up till x=h  18, where after-
wards a relatively strong downward motion is solely observed
above the remaining part of the recirculation zone. Downstream
of the reattachment region, the mean wall-normal velocity is
attenuated.
5.2. Turbulence intensities and Reynolds shear stress
The turbulence intensities and the Reynolds shear stress are
shown in Figs. 14 and 15 at different streamwise locations down-
stream the step. The rms values and uv exhibit a high turbulence
level immediately downstream of the corner of the step at y=h  1.
This localized high-turbulence zone, mainly for urms, is obviously
caused by the locally high mean-shear-rate in the shear-layer ema-
nating from the step edge. As the ﬂow progresses downstream, the
streamwise turbulence intensity peaks are broadened and attenu-
ated while the turbulence levels of the spanwise and wall-normal
components increase. Downstream the reattachment and in the
recovery region, the asymmetry in urms persists, where a substan-
tially higher longitudinal turbulence intensity is observed near
the moving wall that is almost twice that seen near the stationary
wall. Apart from the secondary recirculation region, where
wrms > urms > v rms, the turbulence exhibits everywhere the usual
shear-ﬂow anisotropy with the streamwise intensity being the
most signiﬁcant. The ﬂow anisotropy was not accessible with the
I-type hot-wire used in Morinishi’s (2007) measurements since
only urms could be obtained.
The proﬁles of uv show that the Reynolds shear stress is posi-
tive almost throughout the whole domain. The distinct positive
peak of uv is typical of a turbulent mixing-layer. The peak broad-
ens with downstream distance but remains discernible above the
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motion. Although the characteristic S-shape of the mean velocity
proﬁle Uðx; yÞ has been retained at x=h ¼ 27, the proﬁle is yet far
from being anti-symmetric. Midway between the walls U is still
roughly half of Uw=2 which should have been reached in the case
a fully redeveloped Couette ﬂow. However, irrespective of the
length of the domain that can be used in the downstream part of
the channel, an anti-symmetric proﬁle corresponding to a fully
redeveloped Couette ﬂow will not be reached. This is due to the
principle of mass conservation. It follows that since the height of
the domain after the step is twice that of the inlet section and
the mean velocity proﬁle of Couette ﬂow is monotonically increas-
ing to a constant value of Uw, the ﬂow cannot adjust itself to an
anti-symmetric S-proﬁle shape and at the same time maintain a
constant ﬂow rate.
An examination of the mean wall-normal velocity proﬁles
Vðx; yÞ presented in Fig. 13 shows that the ﬂow emanating from
the step corner exhibits an upward motion in the lower half of
the channel and a downward ﬂow above y=h  1. The distinct
positive V at x=h ¼ 16 results from the primary recirculation bub-
ble, in which the return ﬂow has separated from the wall at
x=h  16:8. This pattern is sustained up till x=h  18, where after-
wards a relatively strong downward motion is solely observed
above the remaining part of the recirculation zone. Downstream
of the reattachment region, the mean wall-normal velocity is
attenuated.
5.2. Turbulence intensities and Reynolds shear stress
The turbulence intensities and the Reynolds shear stress are
shown in Figs. 14 and 15 at different streamwise locations down-
stream the step. The rms values and uv exhibit a high turbulence
level immediately downstream of the corner of the step at y=h  1.
This localized high-turbulence zone, mainly for urms, is obviously
caused by the locally high mean-shear-rate in the shear-layer ema-
nating from the step edge. As the ﬂow progresses downstream, the
streamwise turbulence intensity peaks are broadened and attenu-
ated while the turbulence levels of the spanwise and wall-normal
components increase. Downstream the reattachment and in the
recovery region, the asymmetry in urms persists, where a substan-
tially higher longitudinal turbulence intensity is observed near
the moving wall that is almost twice that seen near the stationary
wall. Apart from the secondary recirculation region, where
wrms > urms > v rms, the turbulence exhibits everywhere the usual
shear-ﬂow anisotropy with the streamwise intensity being the
most signiﬁcant. The ﬂow anisotropy was not accessible with the
I-type hot-wire used in Morinishi’s (2007) measurements since
only urms could be obtained.
The proﬁles of uv show that the Reynolds shear stress is posi-
tive almost throughout the whole domain. The distinct positive
peak of uv is typical of a turbulent mixing-layer. The peak broad-
ens with downstream distance but remains discernible above the
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reattachment point at about 7h downstream of the step. Further
downstream, the uv-proﬁle fails to attain the symmetric shape
which characterizes a pure Couette ﬂow; see e.g. Bech and Anders-
son (1996). The proﬁle at x=h ¼ 37, i.e. 22 step heights downstream
of the step, shows that the Reynolds shear stress is substantially
higher near the moving wall than along the ﬁxed wall.
5.3. Reynolds stress budget
In this section, the Reynolds stress budget is presented at a dis-
tance h from the step and in a wall-normal region conﬁned to the
shear-layer region (i.e. 0:5 < y=h < 1:5). The transport equation for
the Reynolds stress tensor is:
D
Dt
ðuiujÞ ¼ Pij  eij þPij þ Gij þ Dij þ Tij ð4Þ
where the production, dissipation, pressure–strain, pressure diffu-
sion, molecular diffusion and turbulent diffusion are deﬁned as:
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The budget for uu in Fig. 16a is largely dominated by production
and pressure–strain, where a large peak of positive production is
observed close to the position of maximum urms (i.e. y=h  1).
Meanwhile, the proﬁles of the molecular diffusion in Fig. 16 show
that the contribution of Dij is negligible everywhere and thereby
turbulent and pressure diffusion play the role of transporting en-
ergy across the shear-layer. For the normal stresses, Tij carries en-
ergy away from the position of maximum production.
The mean-shear production P22 in Fig. 16b is clearly smaller
than P11 in Fig. 16a, but nevertheless far from being negligible as
in free shear ﬂows. In the present case P22 stems from
vv@V=@y, which attains non-vanishing levels due to the underly-
ing recirculating ﬂow; see the V-proﬁle in Fig. 13a. Since there is
only modest production of v2, the primary source of energy is from
Pij which serves to redistribute energy between the normal stres-
ses. Across the entire shear-layer, vv and ww act as receiving com-
ponents taking energy from uu. Moreover, the maximum rate of
energy transfer is reported at the peak production for the stream-
wise normal stress.
As in the budget of uu, the equation for uv is largely dominated
by production and pressure–strain, where a large peak of negative
production is observed around y=h ¼ 1. The expression for this pro-
duction term is
P12 ¼ uv @U
@x
 vv @U
@y
 uu @V
@x
 uv @V
@y
ð6Þ
Since the mean ﬂow is statistically two-dimensional, the ﬁrst
and fourth terms of Eq. (6) add up to zero due to mass conserva-
tion. This implies that the sign of P12 depends solely on the gradi-
ents of the mean streamwise and wall-normal velocities. Since
@U=@y being dominant over all the other mean gradient terms in
this region, then Eq. (6) reduces to P12  vv@U=@y. The produc-
tion of the Reynolds shear stress is thus governed by @U=@y and
peak production is attained, where @U=@y exhibits a local maxi-
mum in the shear-layer. This is consistent with a free mixing-layer.
The turbulent diffusion T12 contributes to the increase of uv in
the central region whereas pressure diffusion G12 transports uv
downwards from the upper part of the shear-layer. Meanwhile,
viscous dissipation is negligible almost everywhere in this case.
The nearly negligible viscous dissipation is consistent with the
observation made by Bech and Andersson (1996) in a fully-devel-
oped Couette ﬂow. This is because e12 consists of relatively weakly
correlated velocity gradients @u1=@xk and @u2=@xk. This is in con-
trast to the diagonal components of eij which do not involve
cross-correlations.
Although the convection term Uk@ðuiujÞ=@xk is almost negligible
for the stress components dominated by production (i.e. uu and
uv), it shows signiﬁcant positive values in the shear-layer for the
wall-normal and spanwise components. In fact, the convective
transport of ww is equally important as its dissipation rate e33.
5.4. Recovery region
The two-dimensional mean ﬂow has developed to an essentially
unidirectional ﬂow in the downstream part of the computational
domain, i.e. beyond x=h  30 or 15 step heights h downstream of
the sudden expansion. It is noteworthy that the upstream pure
Couette ﬂow redeveloped into a mixed Couette–Poiseuille ﬂow in
contrast to the classical pressure-driven backward-facing step
ﬂow, where an upstream Poiseuille ﬂow inevitably redevelops to
another pure Poiseuille ﬂow far downstream of the step. In the
present case, however, an adverse pressure gradient is established
with the view to assure global mass conservation. The resulting
mixed Couette–Poiseuille ﬂow exhibits major asymmetries in the
turbulence ﬁeld with a substantially reduced turbulence level
along the stationary wall, and the ﬂow ﬁeld closely resembles
the Couette–Poiseuille ﬂow simulations reported by Kuroda et al.
(1995).
Kuroda et al. (1995) conducted direct numerical simulations of
fully-developed turbulent plane Couette–Poiseuille ﬂow to study
the effect of the mean-shear-rate on the near-wall turbulent ﬂow
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reattachment point at about 7h downstream of the step. Further
downstream, the uv-proﬁle fails to attain the symmetric shape
which characterizes a pure Couette ﬂow; see e.g. Bech and Anders-
son (1996). The proﬁle at x=h ¼ 37, i.e. 22 step heights downstream
of the step, shows that the Reynolds shear stress is substantially
higher near the moving wall than along the ﬁxed wall.
5.3. Reynolds stress budget
In this section, the Reynolds stress budget is presented at a dis-
tance h from the step and in a wall-normal region conﬁned to the
shear-layer region (i.e. 0:5 < y=h < 1:5). The transport equation for
the Reynolds stress tensor is:
D
Dt
ðuiujÞ ¼ Pij  eij þPij þ Gij þ Dij þ Tij ð4Þ
where the production, dissipation, pressure–strain, pressure diffu-
sion, molecular diffusion and turbulent diffusion are deﬁned as:
Pij ¼ uiuk @Uj
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The budget for uu in Fig. 16a is largely dominated by production
and pressure–strain, where a large peak of positive production is
observed close to the position of maximum urms (i.e. y=h  1).
Meanwhile, the proﬁles of the molecular diffusion in Fig. 16 show
that the contribution of Dij is negligible everywhere and thereby
turbulent and pressure diffusion play the role of transporting en-
ergy across the shear-layer. For the normal stresses, Tij carries en-
ergy away from the position of maximum production.
The mean-shear production P22 in Fig. 16b is clearly smaller
than P11 in Fig. 16a, but nevertheless far from being negligible as
in free shear ﬂows. In the present case P22 stems from
vv@V=@y, which attains non-vanishing levels due to the underly-
ing recirculating ﬂow; see the V-proﬁle in Fig. 13a. Since there is
only modest production of v2, the primary source of energy is from
Pij which serves to redistribute energy between the normal stres-
ses. Across the entire shear-layer, vv and ww act as receiving com-
ponents taking energy from uu. Moreover, the maximum rate of
energy transfer is reported at the peak production for the stream-
wise normal stress.
As in the budget of uu, the equation for uv is largely dominated
by production and pressure–strain, where a large peak of negative
production is observed around y=h ¼ 1. The expression for this pro-
duction term is
P12 ¼ uv @U
@x
 vv @U
@y
 uu @V
@x
 uv @V
@y
ð6Þ
Since the mean ﬂow is statistically two-dimensional, the ﬁrst
and fourth terms of Eq. (6) add up to zero due to mass conserva-
tion. This implies that the sign of P12 depends solely on the gradi-
ents of the mean streamwise and wall-normal velocities. Since
@U=@y being dominant over all the other mean gradient terms in
this region, then Eq. (6) reduces to P12  vv@U=@y. The produc-
tion of the Reynolds shear stress is thus governed by @U=@y and
peak production is attained, where @U=@y exhibits a local maxi-
mum in the shear-layer. This is consistent with a free mixing-layer.
The turbulent diffusion T12 contributes to the increase of uv in
the central region whereas pressure diffusion G12 transports uv
downwards from the upper part of the shear-layer. Meanwhile,
viscous dissipation is negligible almost everywhere in this case.
The nearly negligible viscous dissipation is consistent with the
observation made by Bech and Andersson (1996) in a fully-devel-
oped Couette ﬂow. This is because e12 consists of relatively weakly
correlated velocity gradients @u1=@xk and @u2=@xk. This is in con-
trast to the diagonal components of eij which do not involve
cross-correlations.
Although the convection term Uk@ðuiujÞ=@xk is almost negligible
for the stress components dominated by production (i.e. uu and
uv), it shows signiﬁcant positive values in the shear-layer for the
wall-normal and spanwise components. In fact, the convective
transport of ww is equally important as its dissipation rate e33.
5.4. Recovery region
The two-dimensional mean ﬂow has developed to an essentially
unidirectional ﬂow in the downstream part of the computational
domain, i.e. beyond x=h  30 or 15 step heights h downstream of
the sudden expansion. It is noteworthy that the upstream pure
Couette ﬂow redeveloped into a mixed Couette–Poiseuille ﬂow in
contrast to the classical pressure-driven backward-facing step
ﬂow, where an upstream Poiseuille ﬂow inevitably redevelops to
another pure Poiseuille ﬂow far downstream of the step. In the
present case, however, an adverse pressure gradient is established
with the view to assure global mass conservation. The resulting
mixed Couette–Poiseuille ﬂow exhibits major asymmetries in the
turbulence ﬁeld with a substantially reduced turbulence level
along the stationary wall, and the ﬂow ﬁeld closely resembles
the Couette–Poiseuille ﬂow simulations reported by Kuroda et al.
(1995).
Kuroda et al. (1995) conducted direct numerical simulations of
fully-developed turbulent plane Couette–Poiseuille ﬂow to study
the effect of the mean-shear-rate on the near-wall turbulent ﬂow
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reattachment point at about 7h downstream of the step. Further
downstream, the uv-proﬁle fails to attain the symmetric shape
which characterizes a pure Couette ﬂow; see e.g. Bech and Anders-
son (1996). The proﬁle at x=h ¼ 37, i.e. 22 step heights downstream
of the step, shows that the Reynolds shear stress is substantially
higher near the moving wall than along the ﬁxed wall.
5.3. Reynolds stress budget
In this section, the Reynolds stress budget is presented at a dis-
tance h from the step and in a wall-normal region conﬁned to the
shear-layer region (i.e. 0:5 < y=h < 1:5). The transport equation for
the Reynolds stress tensor is:
D
Dt
ðuiujÞ ¼ Pij  eij þPij þ Gij þ Dij þ Tij ð4Þ
where the production, dissipation, pressure–strain, pressure diffu-
sion, molecular diffusion and turbulent diffusion are deﬁned as:
Pij ¼ uiuk @Uj
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 ujuk @Ui
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ð5aÞ
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@xk
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The budget for uu in Fig. 16a is largely dominated by production
and pressure–strain, where a large peak of positive production is
observed close to the position of maximum urms (i.e. y=h  1).
Meanwhile, the proﬁles of the molecular diffusion in Fig. 16 show
that the contribution of Dij is negligible everywhere and thereby
turbulent and pressure diffusion play the role of transporting en-
ergy across the shear-layer. For the normal stresses, Tij carries en-
ergy away from the position of maximum production.
The mean-shear production P22 in Fig. 16b is clearly smaller
than P11 in Fig. 16a, but nevertheless far from being negligible as
in free shear ﬂows. In the present case P22 stems from
vv@V=@y, which attains non-vanishing levels due to the underly-
ing recirculating ﬂow; see the V-proﬁle in Fig. 13a. Since there is
only modest production of v2, the primary source of energy is from
Pij which serves to redistribute energy between the normal stres-
ses. Across the entire shear-layer, vv and ww act as receiving com-
ponents taking energy from uu. Moreover, the maximum rate of
energy transfer is reported at the peak production for the stream-
wise normal stress.
As in the budget of uu, the equation for uv is largely dominated
by production and pressure–strain, where a large peak of negative
production is observed around y=h ¼ 1. The expression for this pro-
duction term is
P12 ¼ uv @U
@x
 vv @U
@y
 uu @V
@x
 uv @V
@y
ð6Þ
Since the mean ﬂow is statistically two-dimensional, the ﬁrst
and fourth terms of Eq. (6) add up to zero due to mass conserva-
tion. This implies that the sign of P12 depends solely on the gradi-
ents of the mean streamwise and wall-normal velocities. Since
@U=@y being dominant over all the other mean gradient terms in
this region, then Eq. (6) reduces to P12  vv@U=@y. The produc-
tion of the Reynolds shear stress is thus governed by @U=@y and
peak production is attained, where @U=@y exhibits a local maxi-
mum in the shear-layer. This is consistent with a free mixing-layer.
The turbulent diffusion T12 contributes to the increase of uv in
the central region whereas pressure diffusion G12 transports uv
downwards from the upper part of the shear-layer. Meanwhile,
viscous dissipation is negligible almost everywhere in this case.
The nearly negligible viscous dissipation is consistent with the
observation made by Bech and Andersson (1996) in a fully-devel-
oped Couette ﬂow. This is because e12 consists of relatively weakly
correlated velocity gradients @u1=@xk and @u2=@xk. This is in con-
trast to the diagonal components of eij which do not involve
cross-correlations.
Although the convection term Uk@ðuiujÞ=@xk is almost negligible
for the stress components dominated by production (i.e. uu and
uv), it shows signiﬁcant positive values in the shear-layer for the
wall-normal and spanwise components. In fact, the convective
transport of ww is equally important as its dissipation rate e33.
5.4. Recovery region
The two-dimensional mean ﬂow has developed to an essentially
unidirectional ﬂow in the downstream part of the computational
domain, i.e. beyond x=h  30 or 15 step heights h downstream of
the sudden expansion. It is noteworthy that the upstream pure
Couette ﬂow redeveloped into a mixed Couette–Poiseuille ﬂow in
contrast to the classical pressure-driven backward-facing step
ﬂow, where an upstream Poiseuille ﬂow inevitably redevelops to
another pure Poiseuille ﬂow far downstream of the step. In the
present case, however, an adverse pressure gradient is established
with the view to assure global mass conservation. The resulting
mixed Couette–Poiseuille ﬂow exhibits major asymmetries in the
turbulence ﬁeld with a substantially reduced turbulence level
along the stationary wall, and the ﬂow ﬁeld closely resembles
the Couette–Poiseuille ﬂow simulations reported by Kuroda et al.
(1995).
Kuroda et al. (1995) conducted direct numerical simulations of
fully-developed turbulent plane Couette–Poiseuille ﬂow to study
the effect of the mean-shear-rate on the near-wall turbulent ﬂow
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reattachment point at about 7h downstream of the step. Further
downstream, the uv-proﬁle fails to attain the symmetric shape
which characterizes a pure Couette ﬂow; see e.g. Bech and Anders-
son (1996). The proﬁle at x=h ¼ 37, i.e. 22 step heights downstream
of the step, shows that the Reynolds shear stress is substantially
higher near the moving wall than along the ﬁxed wall.
5.3. Reynolds stress budget
In this section, the Reynolds stress budget is presented at a dis-
tance h from the step and in a wall-normal region conﬁned to the
shear-layer region (i.e. 0:5 < y=h < 1:5). The transport equation for
the Reynolds stress tensor is:
D
Dt
ðuiujÞ ¼ Pij  eij þPij þ Gij þ Dij þ Tij ð4Þ
where the production, dissipation, pressure–strain, pressure diffu-
sion, molecular diffusion and turbulent diffusion are deﬁned as:
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The budget for uu in Fig. 16a is largely dominated by production
and pressure–strain, where a large peak of positive production is
observed close to the position of maximum urms (i.e. y=h  1).
Meanwhile, the proﬁles of the molecular diffusion in Fig. 16 show
that the contribution of Dij is negligible everywhere and thereby
turbulent and pressure diffusion play the role of transporting en-
ergy across the shear-layer. For the normal stresses, Tij carries en-
ergy away from the position of maximum production.
The mean-shear production P22 in Fig. 16b is clearly smaller
than P11 in Fig. 16a, but nevertheless far from being negligible as
in free shear ﬂows. In the present case P22 stems from
vv@V=@y, which attains non-vanishing levels due to the underly-
ing recirculating ﬂow; see the V-proﬁle in Fig. 13a. Since there is
only modest production of v2, the primary source of energy is from
Pij which serves to redistribute energy between the normal stres-
ses. Across the entire shear-layer, vv and ww act as receiving com-
ponents taking energy from uu. Moreover, the maximum rate of
energy transfer is reported at the peak production for the stream-
wise normal stress.
As in the budget of uu, the equation for uv is largely dominated
by production and pressure–strain, where a large peak of negative
production is observed around y=h ¼ 1. The expression for this pro-
duction term is
P12 ¼ uv @U
@x
 vv @U
@y
 uu @V
@x
 uv @V
@y
ð6Þ
Since the mean ﬂow is statistically two-dimensional, the ﬁrst
and fourth terms of Eq. (6) add up to zero due to mass conserva-
tion. This implies that the sign of P12 depends solely on the gradi-
ents of the mean streamwise and wall-normal velocities. Since
@U=@y being dominant over all the other mean gradient terms in
this region, then Eq. (6) reduces to P12  vv@U=@y. The produc-
tion of the Reynolds shear stress is thus governed by @U=@y and
peak production is attained, where @U=@y exhibits a local maxi-
mum in the shear-layer. This is consistent with a free mixing-layer.
The turbulent diffusion T12 contributes to the increase of uv in
the central region whereas pressure diffusion G12 transports uv
downwards from the upper part of the shear-layer. Meanwhile,
viscous dissipation is negligible almost everywhere in this case.
The nearly negligible viscous dissipation is consistent with the
observation made by Bech and Andersson (1996) in a fully-devel-
oped Couette ﬂow. This is because e12 consists of relatively weakly
correlated velocity gradients @u1=@xk and @u2=@xk. This is in con-
trast to the diagonal components of eij which do not involve
cross-correlations.
Although the convection term Uk@ðuiujÞ=@xk is almost negligible
for the stress components dominated by production (i.e. uu and
uv), it shows signiﬁcant positive values in the shear-layer for the
wall-normal and spanwise components. In fact, the convective
transport of ww is equally important as its dissipation rate e33.
5.4. Recovery region
The two-dimensional mean ﬂow has developed to an essentially
unidirectional ﬂow in the downstream part of the computational
domain, i.e. beyond x=h  30 or 15 step heights h downstream of
the sudden expansion. It is noteworthy that the upstream pure
Couette ﬂow redeveloped into a mixed Couette–Poiseuille ﬂow in
contrast to the classical pressure-driven backward-facing step
ﬂow, where an upstream Poiseuille ﬂow inevitably redevelops to
another pure Poiseuille ﬂow far downstream of the step. In the
present case, however, an adverse pressure gradient is established
with the view to assure global mass conservation. The resulting
mixed Couette–Poiseuille ﬂow exhibits major asymmetries in the
turbulence ﬁeld with a substantially reduced turbulence level
along the stationary wall, and the ﬂow ﬁeld closely resembles
the Couette–Poiseuille ﬂow simulations reported by Kuroda et al.
(1995).
Kuroda et al. (1995) conducted direct numerical simulations of
fully-developed turbulent plane Couette–Poiseuille ﬂow to study
the effect of the mean-shear-rate on the near-wall turbulent ﬂow
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ﬁeld. Four cases were considered by these authors in which the
mean-shear-rate was varied by changing the wall velocity and
the streamwise pressure gradient. Of particular relevance to our
study is case CP3 in Kuroda et al. (1995).
Owing to the asymmetry of the Couette–Poiseuille ﬂow, the
wall shear stresses on the lower and upper-wall are generally dif-
ferent. For the current simulation, the corresponding local Rey-
nolds numbers based on the local wall friction-velocities and the
non-dimensionalized pressure gradient are provided in Table 2 to-
gether with simulation parameters from Kuroda et al. (1995). The
mean velocity proﬁle and turbulent intensities presented in Fig. 17
compare surprisingly well with the DNS data of Kuroda et al.
(1995), especially near the upper-wall. However, substantial differ-
ences are observed near the lower-wall. The streamwise turbu-
lence intensity, for instance, exhibits a modest peak in the
present case, whereas a monotonic increase towards the peak near
the upper-wall is exhibited by the DNS data of Kuroda et al. (1995).
The rather different behaviour in the vicinity of the lower-wall is
due to the almost vanishing friction velocity usb in the latter case.
At x=h ¼ 37 in the present case, the friction velocity is substantially
reduced by the adverse pressure gradient but yet of sufﬁcient mag-
nitude to give rise to mean-shear production of streamwise veloc-
ity ﬂuctuations. The Reynolds stress budget presented by Kuroda
et al. (1995) indeed showed that mean-shear production only plays
a marginal role near the lower-wall.
5.5. Vorticity and k2 statistics
Proﬁles of the root-mean-square vorticity normalized by u2si=m
are shown in Fig. 18. While the secondary recirculation region in
Fig. 18a shows low levels, the effect of mean-shear motion is
clearly observed above y=h  0:75 in the form of increasing vortic-
ity ﬂuctuations. This increase is sustained till midway between the
walls, where the three components attain their local maxima in the
shear-layer, followed by a decrease towards a local minimum
around y=h  1:5. Two step heights further downstream, the pri-
mary recirculation region in Fig. 18b shows higher ﬂuctuation lev-
els than the secondary one while in the shear-layer ðx2x Þ1=2 is
ampliﬁed and ðx2z Þ1=2 is attenuated. In a direct numerical simula-
tion of a self-similar mixing-layer Rogers and Moser (1993), re-
ported an axisymmetric anisotropy in the free planar shear-layer.
In the present case, however, the results show that the vorticity
is almost isotropic in the shear-layer. Near the upper-wall how-
ever, the distributions of ðx2i Þ1=2 are highly anisotropic as in the
case of plane Couette ﬂow, whereas at the stationary wall a differ-
ent anisotropy is observed with ðx2x Þ1=2 and ðx2z Þ1=2 being almost
equal and attaining higher values than ðx2yÞ1=2. It is noteworthy
that the ﬂow exhibits the same anisotropy further downstream.
The wall-normal vorticity ﬂuctuations inevitably vanish at both
walls due to the no-slip conditions. The local near-wall peak of
ðx2x Þ1=2, which is associated with streamwise-oriented vortices, is
absent along the ﬁxed wall.
Fig. 19 shows the cross-correlation between k2 and the three
components of the vorticity ﬂuctuation vector in the recirculation
and recovery regions. The main tendency at both x-stations is that
the cross-correlation between k2 and xx is higher than that be-
tween k2; xy and xz. This indicates that the turbulent vortices
are predominantly aligned in the streamwise direction, even
though the ﬂuctuating vorticity ﬁeld, associated with the small-
scale turbulence, is close to isotropy.
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Table 2
Simulation parameters from Kuroda et al. (1995) case CP3, and present simulation at
x=h ¼ 37. Here, c ¼ þH=2qU2w . The subscripts t and b refer to the top and bottom
walls, respectively.
Case UwH=2m c  @P=@x ustH=2m usbH=2m
Kuroda 3000 1:33 103 154 17.7
Present 5200 1:2 103 233.8 77
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ﬁeld. Four cases were considered by these authors in which the
mean-shear-rate was varied by changing the wall velocity and
the streamwise pressure gradient. Of particular relevance to our
study is case CP3 in Kuroda et al. (1995).
Owing to the asymmetry of the Couette–Poiseuille ﬂow, the
wall shear stresses on the lower and upper-wall are generally dif-
ferent. For the current simulation, the corresponding local Rey-
nolds numbers based on the local wall friction-velocities and the
non-dimensionalized pressure gradient are provided in Table 2 to-
gether with simulation parameters from Kuroda et al. (1995). The
mean velocity proﬁle and turbulent intensities presented in Fig. 17
compare surprisingly well with the DNS data of Kuroda et al.
(1995), especially near the upper-wall. However, substantial differ-
ences are observed near the lower-wall. The streamwise turbu-
lence intensity, for instance, exhibits a modest peak in the
present case, whereas a monotonic increase towards the peak near
the upper-wall is exhibited by the DNS data of Kuroda et al. (1995).
The rather different behaviour in the vicinity of the lower-wall is
due to the almost vanishing friction velocity usb in the latter case.
At x=h ¼ 37 in the present case, the friction velocity is substantially
reduced by the adverse pressure gradient but yet of sufﬁcient mag-
nitude to give rise to mean-shear production of streamwise veloc-
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are shown in Fig. 18. While the secondary recirculation region in
Fig. 18a shows low levels, the effect of mean-shear motion is
clearly observed above y=h  0:75 in the form of increasing vortic-
ity ﬂuctuations. This increase is sustained till midway between the
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ampliﬁed and ðx2z Þ1=2 is attenuated. In a direct numerical simula-
tion of a self-similar mixing-layer Rogers and Moser (1993), re-
ported an axisymmetric anisotropy in the free planar shear-layer.
In the present case, however, the results show that the vorticity
is almost isotropic in the shear-layer. Near the upper-wall how-
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non-dimensionalized pressure gradient are provided in Table 2 to-
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mean velocity proﬁle and turbulent intensities presented in Fig. 17
compare surprisingly well with the DNS data of Kuroda et al.
(1995), especially near the upper-wall. However, substantial differ-
ences are observed near the lower-wall. The streamwise turbu-
lence intensity, for instance, exhibits a modest peak in the
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ported an axisymmetric anisotropy in the free planar shear-layer.
In the present case, however, the results show that the vorticity
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6. Conclusions
A direct numerical simulation of turbulent Couette ﬂow over a
backward-facing step has been performed at a relatively low Rey-
nolds number. The mean reattachment length of the shear-layer
was found to be 7.5h. In the recirculation zone a large negative skin
friction coefﬁcient was observed beneath the core of the primary
separation bubble.
The streaky near-wall structures formed along the step per-
sisted several step heights downstream of the step. High and aniso-
tropic turbulence levels were produced in the shear-layer
emanating from the corner. Although advection by the mean ﬂow
as well as turbulent diffusion were of some importance in the
vicinity of the step, the mean-shear production was the primary
source of turbulent energy. As in other turbulent shear ﬂows, the
energy arose as streamwise velocity ﬂuctuations and was subse-
quently transferred into wall-normal and spanwise ﬂuctuations
by means of pressure–strain interactions.
The shear-layer which formed when the upstream Couette ﬂow
mixed with the recirculating ﬂow downstream of the step resem-
bles, at least qualitatively, a free mixing-layer in many respects.
However, the turbulence in the approaching Couette ﬂow is con-
vected into the early stages of the mixing zone, where also the
‘‘upwelling” caused by the primary separation bubble has a major
inﬂuence. Beyond 3h downstream of the corner, the mean ﬂow
turns towards the reattachment point and the shear-layer is simul-
taneously affected by the streamwise curvature and an adverse
mean pressure gradient. The shear-layer which develops from
the corner of the BFS is accordingly exposed to a number of differ-
ent inﬂuences not present in a freely developing mixing-layer.
Even though the wall-normal mean velocity V vanished far
downstream of the step, the streamwise velocity U did not retain
the characteristic S-shape typical of a pure Couette ﬂow. This phe-
nomenon is ascribed to the principle of global mass conservation,
which can be fulﬁlled only if an adverse mean pressure gradient
is established in the recovery region. This is indeed what was ob-
served. In the resulting asymmetric mean ﬂow, the wall-friction
was roughly 10 times higher along the moving wall than at the
steady surface. The resulting ﬂow ﬁeld was thus by far less vigor-
ous along the stepped wall and this was reﬂected in the low levels
of velocity and vorticity ﬂuctuations.
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source of turbulent energy. As in other turbulent shear ﬂows, the
energy arose as streamwise velocity ﬂuctuations and was subse-
quently transferred into wall-normal and spanwise ﬂuctuations
by means of pressure–strain interactions.
The shear-layer which formed when the upstream Couette ﬂow
mixed with the recirculating ﬂow downstream of the step resem-
bles, at least qualitatively, a free mixing-layer in many respects.
However, the turbulence in the approaching Couette ﬂow is con-
vected into the early stages of the mixing zone, where also the
‘‘upwelling” caused by the primary separation bubble has a major
inﬂuence. Beyond 3h downstream of the corner, the mean ﬂow
turns towards the reattachment point and the shear-layer is simul-
taneously affected by the streamwise curvature and an adverse
mean pressure gradient. The shear-layer which develops from
the corner of the BFS is accordingly exposed to a number of differ-
ent inﬂuences not present in a freely developing mixing-layer.
Even though the wall-normal mean velocity V vanished far
downstream of the step, the streamwise velocity U did not retain
the characteristic S-shape typical of a pure Couette ﬂow. This phe-
nomenon is ascribed to the principle of global mass conservation,
which can be fulﬁlled only if an adverse mean pressure gradient
is established in the recovery region. This is indeed what was ob-
served. In the resulting asymmetric mean ﬂow, the wall-friction
was roughly 10 times higher along the moving wall than at the
steady surface. The resulting ﬂow ﬁeld was thus by far less vigor-
ous along the stepped wall and this was reﬂected in the low levels
of velocity and vorticity ﬂuctuations.
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the characteristic S-shape typical of a pure Couette ﬂow. This phe-
nomenon is ascribed to the principle of global mass conservation,
which can be fulﬁlled only if an adverse mean pressure gradient
is established in the recovery region. This is indeed what was ob-
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was roughly 10 times higher along the moving wall than at the
steady surface. The resulting ﬂow ﬁeld was thus by far less vigor-
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